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Abstract

We give a detailed analysis in distribution of the profiles of random symmetric digital search
trees, which are in close connection with the performance of the search complexity of random queries
in such trees. While the expected profiles have been analyzed for several decades, the analysis of
the variance turns out to be very difficult and challenging, and requires the combination of several
different analytic techniques, as established the first time in this paper. We also prove by contraction
method the asymptotic normality of the profiles in the range where the variance tends to infinity. As
consequences of our results, we obtain a two-point concentration for the distributions of the height
and the saturation level of random digital search trees.
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1 Introduction and Results

Digital trees are fundamental data structures for words or alphabets in computer algorithms whose anal-
ysis has attracted much attention over the last half century. One major such varieties is the digital search
tree (DST for short), introduced by Coffman and Eve in 1970 [5] (see also [23] for more information).
Such structures are closely related to the popular Lempel-Ziv compression scheme, and their asymp-
totic stochastic behaviors under random inputs are often more challenging than those for other digital
tree families because of the natural occurrence of differential-functional equations instead of purely
algebraic-functional equations.
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MY2.
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We begin with the definition of DST, which is the main object of study in this paper. In the simplest
situation, it is built from digital data consisting of a sequence of records in the form of 0-1 strings. The
first record is stored at the root of the tree. All other records are distributed to the left- or right-subtree
according as their first bit being 0 or 1, respectively, and retain their relative order. The subtrees of the
root are then built according to the same rules but by using the jth digit at level j in further directing
the strings to their respective subtrees. The splitting process stops when the size of the subtree is either
zero or one. Note that the resulting tree is a binary tree with internal nodes holding the records. External
nodes, which represent places where future records can be inserted, are often added to the tree (in fact,
two external nodes are automatically created in the algorithmic implementation for each new internal
node); see Figure 1 for an example of a DST built from five records (internal nodes are represented by
rectangles and external nodes by circles).

Bso=0, Iso=1;

i

Bs, =0, Is; =2

s

Bsy, =2 Isy;=2;

s

Bs3 =4, Is3=0.
Figure 1: A DST built from 5 records with its profiles.

For the purpose of analysis, we assume that bits in the input strings are independent and identically
distributed with a common Bernoulli(p) random variable with 0 < p < 1. Throughout this paper, we
fix p = % namely, we consider only the symmetric case. This random model is called the symmetric
Bernoulli model and the corresponding random tree is referred to as a random symmetric DST. It repre-
sents a simple model with reasonably good predictive power in general (for example, results holding in
the Bernoulli model often have similar forms in more general Markov models; see [26]).

Under such a random model, we study in this paper the external and internal node profiles (referred
to as the profiles for short) which are defined as follows: the external profile of a random symmetric DST
of size n is a double-indexed sequence of random variables B, ; which counts the number of external
nodes at (horizontal) level k; the internal profile 7, s is similarly defined (with external nodes replaced
by internal nodes).

Profiles are fine shape characteristics encoding the level silhouette of the tree and they are closely
connected to many other shape parameters such as height, width, total path length, saturation or fill-up
level, and successful and unsuccessful search. In particular, we will discuss the unsuccessful search (or
the depth), the height and the saturation level:

e Unsuccessful search Uy,: the distance from the root to a randomly chosen external node with its
distribution given by
IE:(Bn,k)

IP)(Un:k): n+ 1

(1)
e Height: the length of the longest path from the root to an external node, or max{k : B, ; > 0};
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e Saturation level: the last level from the root which is completely filled with internal nodes, or
max{k : I, = 2k,

See for example [8, 16] and the references therein for more shape parameters in DSTs.

Historically, the external profile was among the very first shape parameters analyzed on DSTs due
to the connection (1) to the unsuccessful search; see Knuth [23] and Konheim and Newman [24]. Yet
our understanding of the profiles of symmetric DSTs has remained incomplete. Table 1 summarizes the
current status for the profiles of tries, Patricia tries and DSTs, the latter two representing other major
classes of digital trees.

Trees p=q? Mean Variance CLT
Tries 0<p<l [32] [32] [32]
1
=5 28 ? ?
Patricia Tries f (23]
PF# 5 [11,28,27] [11,27] [27]
DSTs p= % [25, 10] this paper this paper
p# 1L [10] [19] ?

Table 1: A summary of the analysis in distribution of profiles in the three major classes of digital trees
under the Bernoulli model.

Briefly, in the case of random tries, the mean, the variance and the asymptotic normality of both
profiles under the symmetric and asymmetric models are fully clarified in [32]. For Patricia tries, the
expected profiles were studied in [28] for both symmetric and asymmetric models. Then the asymp-
totic variance and the asymptotic normality of the profiles, inter alia, under the asymmetric model are
established in the recent papers [11, 27].

As regards symmetric DSTs, Louchard [25], following [23, 24], derived an explicit expression for
the expected profiles; see also [8, 10, 29, 33]. Louchard also obtained an asymptotic approximation for
the mean profiles in the most important range k& = log, n + O(1) (where most nodes lie), characterizing
the asymptotic distribution of unsuccessful and successful search. These results were later extended in
[8, 10, 22, 29]. We broaden the study in this paper to the variance of the profiles for which an arduous
analysis is carried out. We also clarify the asymptotic normality of the profiles in the range where the
variance becomes unbounded. Moreover, we will apply our results to the height and the saturation level.
See also [6, 18, 26, 34] for other parameters and different types of results on profiles in DSTs .

We now state our results, focusing on the external profile. The corresponding results for the internal
profile will be given in Section 5. First, we introduce the following function and sequence that are
ubiquitous in the analysis of DSTs; see [23].

0(z) = 1_[(1 —2_62) and O, = 1_[ (1 _ 2—€) _ o(1)

= —
{>1 1<l<n Q(2 )

Note that lim,—o O exists and equals Q(1) =: Qco.
In the next section, we will derive the following (known) result (see [8]) for the mean of the external
profile.

Theorem 1. The mean of the external profile satisfies

E(Bpx) = 2K F(27%n) + O(1), 2)



uniformly for 0 < k < n, where F(x) is a positive function on Rt defined by

(_1)12—(£) ix
Fix)y=Y ~—~2—— : 3
(x) ]ZO 0,00 3)

The proof of (2) for small k, or more precisely, for k such that 27%n — oo, will follow readily
by simple elementary arguments, whereas for the remaining range complex-analytic tools will be used.
More precisely, when 27%n — oo and k > 1, we will show that

k

E(Byx) = %(1 — 27K (1 + O(e” %)), )

which is stronger than (2) if 2K F (2_k n) = O(1).

Remark 1. Note that (4) indeed holds for all # and k but is more useful in the range when 27kp - .

0.4+
0.34
0.3
0.2
0.2
011 0.1
0 ‘ : : ‘ ‘ ‘ —— 0 ; ‘ : ‘ ‘ ‘ p——
o 1 2 3 4 5 6 7 8 o 1 2 3 4 5 6 7 8

Figure 2: The functions F (left) and G (right).

On the other hand, the relation (2) is only a (useful) asymptotic approximation if the first term on the
right-hand side is not bounded for large n. Thus, to understand when this holds, we derive more precise
asymptotic behaviors of F(x) for large and small x; see Figure 2 (left) for a graphical rendering of F.

Observe first that the series definition (3) of F extends to complex parameter z with R (z) > 0 and
is itself an asymptotic expansion for large |z|:

e—Z

F(z) = +0(™@), %R(z2) 20). (5)
O
On the other hand, for small x with X" := xl(l)gz (see Proposition 1),
[log2 1, 1 log(X log X))?
F(x) = ok X;+1°;2 exp —( 0g(X log X)) — P(log, (X log X))
2 2log2
(loglog X)?
1+ 0(F2222), 6
X ( + log X (6)
with P(¢),t € R, a 1-periodic function whose Fourier series is given explicitly by
log 2 w2 cos(2jmt
P(t) == fz e _(sznz . 7
& j=1 JSlnh( logz)



Note that the series in (7), representing the fluctuating part of P(¢), ¢t € R, has a (peak-to-peak) ampli-
tude less than 1.8 x 10712, The expansion (6) and (7) can be extended to complex z with |z| < & and
|arg(z)| < % — &; see Proposition 1.

While it is well anticipated (from known results for tries and Patricia tries) that Var(B,, x) is asymp-
totically of the same form as (2) for E(B,, x) in most ranges of k of interest, the function involved is
surprisingly very complicated, as shown in (9) below; see also Figure 2 (right).

Theorem 2. The variance of the external profile satisfies
Var(B, x) = 28G(27%n) + O(1), 8)
uniformly for 0 < k < n, where G(x) is a positive function on R defined by

(_4)r+h+£2—j—(9—{§)—@)+2h+2e

G(x) = o(27 7 oM 42t ), ©)
irz>0 0<%<j Q00 Qr0nQj-nQeQj—t ( )
with
X e+ (u—v)x —1)e ™™ -
. ifu # v,
o, v;x) = e " / eV dr = (1 — )2 (10)
° 3xreTr, ifu =v.

Remark 2. In the case when 2~%n — oo, we will in fact prove that
E(Bn,k) ~ Var(Bn,k)'

Despite of its complicated form, the function G is very close to F' in the following sense (see Section
3):

Glx) ~ {F(x), %fx—>oo; (11
2F(x), ifx—0;

see also [32] for the same type of results for symmetric tries, and Devroye [7] for a general bound for
the profile variance. A more precise approximation when x — o0 is

e—x

Gx)=—+ (’)(xe_zx),

O

where the second-order term differs from that of F’; see (5).
The two theorems imply that the mean and the variance have very similar behaviors. In particular,

they tend to infinity in the same range of k.

Corollary 1. For largen and 0 < k < n, E(B, k) — oo iff Var(B, ) — oo.

We now describe the range where the mean and the variance tend to infinity. Define two functions
of n:
log, logn

ks :=logy,n —log,logn + 1 +
logn

12)
| (
kp :=logyn + /2log,n — Elogz log, n +

1 3loglogn
log2  4,/2(logn)(log2)

Corollary 2. The mean and the variance of B, i tend to infinity iff there exists a positive sequence wp
tending to infinity with n such that

Wy Wy
<k <kp—

logn ,/logn.

ks + (13)
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Figure 3: Histograms of Bioo x for k = 4, ..., 10 with the same color used for each histogram: coral

for k = 4, red for k = 5, dark green for k = 6, blue for k = 7, brown for k = 8, gray for k = 9 and
light green for k = 10. Numerically, E(Hyg) = 8.98615...

This range is very small (or almost all nodes are concentrated at these levels); see Figure 3. For
convenience, we will refer to (13) as the central range, and it is exactly this range where the sequence
of random variables { B, i }» follows a central limit theorem.

Theorem 3. If Var(B,, ;) — oo, then the external profile is asymptotically normally distributed.:
B, —E(B d
n,k ( n,k) N f/V(O, 1)’
vV Var (Bn,k)
where A (0, 1) denotes the standard normal random variable.

Our proof of Theorem 3 relies on the contraction method, which has found fruitful applications to
recursively defined random variables in the last three decades; see Neininger and Riischendorf [31] and
Section 4.

Results of a very similar nature for the internal profile are given in Section 5.

These new results for the internal and external profile have many consequences in view of their close
connections to other shape parameters. We content ourselves here with an application to the height H,
of DSTs, which is related to B, x by Hy, := max{k : B, x > 0}; see Section 6 for other consequences.

Theorem 4. Define kg as follows

1 1
kg = {logz n+ +/2log,n — 3 log, log, n + mJ . (14)
0g
which is at the upper boundary of the central range (13). Then the distribution of H, is concentrated at
the two points kg and kg + 1:

P(H, =kgorHy, =kg +1)— 1, (n — 00). (15)

The possibility that such a result might hold was mentioned in [1] for a closely related model; a
heuristic derivation was given in [20]. See also [2, 3] for other two-point approximation results in
probability theory.

It is interesting to compare (15) with known results for the height of tries and those for Patricia tries,
which we summarize in Table 2; see Flajolet [12] for the height of symmetric tries, and Knessl and
Szpankowski [21] for that of Patricia tries (with only non-rigorous proofs).
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Discrete

Trees Expected height References
concentration
Tries 2log, n + O(1) no [12]
Patricia tries log, n + y/2log, n + O(1) at 3 pts [21] (non-rigorous)

DSTs log, n + y/2log, n

at 2 pts this paper
—1log, log, n + O(1)

Table 2: A comparison of the height of random symmetric tries, Patricia tries and DSTs.

We describe briefly the methods and tools used in proving Theorems 1-3, which all start with the
following distributional recurrence

d
Buk = Bryj1 + By oy (k1) (16)

with the boundary conditions Bog = 1,Box = Ofork > 1, B,o = 0 forn > 1, where J, =
Binomial(n -1, %), and B;, & 18 an independent copy of B, .

To derive the asymptotic approximations for the mean (Theorem 1) and the variance (Theorem 2),
we rely on the property, in view of (16), that all moments of B, s satisfy recurrences of the following

type
_ n—1
an,k = 22 n Z ( J )aj,k—l =+ bn,k (17)

0<j<n
for some given sequence by, . This recurrence looks standard but the complication here comes from the
dependence of k on n. When k is small, more precisely, when 27%n — oo, the tree shape at these levels
has little variation and thus both mean and variance can be treated by simple elementary arguments. The
hard ranges are when 2~%n =< 1 and 27%n — 0 for which our arguments are built upon the idea of
Poissonization by defining the Poisson generating functions

- _ z" ~ _ z"
Ar(z)=e ZZ‘a,,,kH and By(z) =e Zan,km.

n>0 n=0

Then (17) is translated into the differential-functional equation
A(2) + A (2) = 2Ak—1(%2) + Bi(2),

which amounts to describing the moments in the Poisson model. This equation will be solved via Laplace
transform techniques, which lead to exact and asymptotic expressions whose asymptotic properties will
be further examined via Mellin transform, saddle-point method and again Laplace transform. Finally,
we will translate the results in the Poisson model to those in the Bernoulli model via de-Poissonization.
While these procedures are by now standard (see [15, 16]) and work well for the mean, the analysis
of the variance is more subtle. Here, the most crucial step is to introduce a Poissonized variance in
the Poisson model (see again [15, 16]) so as to provide an asymptotic equivalent to the variance after
de-Poissonization. An appropriate adaptation in the current situation is to define the function

Vie(2) := My 2(2) = My 1 (2)* — 2Mj_( (2)*,

where M, k,2(z) and M k,1(2) denote the Poisson generating functions of the second moment and the first
moment of B, x, respectively. Then we show that V} (z) is well-approximated by 2kG(2_k z) for large



|z|, and that Vi (n) is asymptotically equivalent to Var(B,, ;). Once these are clarified, the next challenge
is the asymptotic behaviors of G(z), notably for small |z|, which turns out to be the most technical part
of this paper (see Proposition 3) largely due to the complicated form of the Laplace transform of G(z)
(see (43) and (44)) and the uniformity for large parameters (see Lemma 8).

In addition to the asymptotics of the mean and the variance, we also prove the central limit theorem
from the distributional recurrence of B, ; via the contraction method, which is built on recurrences
and the corresponding asymptotic transfer. Finally, Theorem 4 and related properties will be proved
in Section 6 by using the results from Sections 2-5 and the first and second moment method. The
corresponding asymptotic estimates for the internal profiles will be given in Section 5.

An extended abstract of this paper (entitled External Profile of Symmetric Digital Search Trees) by
the same authors has appeared in the Proceedings of the Fourteenth Workshop on Analytic Algorith-
mics and Combinatorics (ANALCO17), and contains Theorems 1-4 and sketches of the proofs of the
first two. The current paper provides the proofs and derives additionally the same types of asymptotic
approximations to the internal profile and discusses some of their consequences.

2 [Expected Values of the External Profile

In this section, we prove Theorem 1 for [E(B,, ). As mentioned in the Introduction, most results given
here are known. Nevertheless, we provide detailed proofs because the analysis of the variance will
follow the same pattern.

We start from (16). Write i, x = E(B, k). Then

- n—1
/’Ln,k = 22 n Z ( . )I’L],k_l’ (n,k 2 1),

0<j<n J

with the boundary conditions j190 = 1, ity,0 = 0 forn > 1, and po x = 0 for k > 1. We then consider
the Poisson generating function

~ _ Zn
Mii(2) = €72 ) ptng—r, (k> 0),

n=0

which satisfies the differential-functional equation
M (2) + My ((2) =2My_y4(32).  (k>1), (18)

with MO,I (z) = e =
We now solve this differential-functional equation using Laplace transform, which, by inverting and
taking coefficients, leads to an exact expression for (i, k.

2.1 Exact Expressions

To solve (18), we apply Laplace transform (subsequently denoted by .Z[-; s]) on both sides of (18), and
obtain

5 4 8
LMy, 1(2); 5] = mf[Mk—l,l(Z)ﬂsL (k> 1),

with Z[M, 0,1(2):8] = . A direct iteration then yields

1
s+1
4k

A= e Ty @ 1y




for k > 0. By partial fraction expansion, we see that

-1i2=G) g

L Mp,1(2):5] = 2° — (19)
0<]Z<k QjQu-j s+277*
which, by term-by-term inversion, gives
- —1ia@®)
Myi(z) =28 Y C27% “z, (k = 0). (20)
ook 91 Qk=i
From this, we obtain the closed-form expression for the expected profile (first derived in [25])
(]
oy D0
Pn g =2 1-2 . 21
" 2 QjOk—j ( )

0<j<k

We now examine the asymptotic aspects.

2.2 Asymptotics of 1,

If 27kn — oo, then an expansion for the mean can be derived by elementary arguments because the
term in (21) with j = 0 is dominating. More precisely, we have

ke = z(1 - 2—k)”(1 + o(@)) (22)

Ok (1—27k)"
where the error term is bounded above by
(1—21-k)" 2t 1 n
A\ A — — ] < — k>1). 23

Substituting this into (22) proves the asymptotic estimate (4) for i, y when 27%n > coand k > 0.

If 27 %p = O(1), then no single term in (21) is dominating and 27k — 0 for r > 2, so we
readily obtain, again by (21) (approximating (1 — x)” by e™*" and by extending k to infinity), , x ~
2kF (2_k n), but the asymptotics of F' for small parameter remains unclear. We will use instead the
Poissonization techniques (see [16, 17]) to derive the required asymptotic approximation; see Theorem
1.

We derive first a simple bound for F(z) and its derivatives.

Lemma 1. For m > 0 and N(z) > 0, the mth derivative of F satisfies the uniform bound

sup |F(z)| = 02")). (24)
R(z)>0

Proof. By the definition (3)

pony = Y COTEOT O(Z z—<é>+f’") _oph),

o Qi j>0

This proves the uniform bound (24). |



We then show that (20) can be brought into the following more useful form (both exact and asymp-
totic).
Lemma 2. For N(z) > 0 and k > 1, the Poisson generating function Mk,l (2) of the expected profile

Mn j Satisfies
m+1
~ 2_( 3 )—km
Myy(2) =2 — Fom (22,

m=0 m

where F(z) is given in (3).

Proof. By Euler’s identity (see [4, Corollary 2.2])

3 (—1)ig®) ; e
j - 1— ) 0 1),
j>o(1_Q)(1—q2)---(l—q1)Z E)( q°2) (0<g<1)
we have
QOO ._k ( ( 1) 2 (m+1) (_k)m
= (1 _2] z : j ’
Qk_j ll;ll m=0

which is still valid for j > & (in which case both sides are zero). Substituting the latter into (20) gives

( 1)12_(j) _ni—k
Mkl(z)—zk Z —62 z
0<j<k j Qke—j
kZ( 1)/2-() Z( 1ymo= ("3 +G—kom 2k
Jj=0 m=0 Om
(—1)m2—(”’2+‘)—km (=1)i2~ @) +im

_zkz

where interchanging the sums is justified as in the proof of Lemma 1. This proves the lemma since the
last series is equal to (—1)" Qoo FU (27%z). 1

> e
e
o ’

Jj=0

Om Qoo

From these two lemmas, we get
Mii(2) =2°F(27%z) + 01),  (i(2) > 0), (25)

which is the Poissonized version of (2).

The asymptotics of i, ; and that of M (n) can be bridged by the analytic de-Poissonization tech-
niques; see the survey paper [17]. For that purpose, it turns out that the use of JS-admissible functions,
a notion introduced in [16], provides a more effective operational approach.

Throughout this paper, the generic symbols ¢, ¢’ always denote small positive quantities whose val-
ues are immaterial and not necessarily the same at each occurrence.

Definition 1 ([16]). An entire function f(z) is said to be JS-admissible, denoted by f(z) € g, if the
following two conditions hold for |z| > 1.

(I) There exists a constant « € R such that uniformly for | arg(z)| < &,

f(z)=0(z1%).
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(0) Uniformly for ¢ < |arg(z)| < 7,
f(z) = ezf(z) — 0(6(1_8/)|Z|)_
When f € J, its coefficients can be expressed in terms of the Poisson-Charlier expansion (see
[16])
e 76 = 3 L2 ©6)
nl[z"e® f(z) = 7 7j (n),

Jj>0

which is not only an identity but also an asymptotic expansion, where the 7 (n)’s are essentially Charlier
polynomials defined by

7j(n) = nllt"le’ (¢ —n)) = Y (é)(—n)j_ﬁ nt (j=01,...).

AN
0<te; (n—20)!

In particular, 7;(n) is a polynomial in n of degree I_% J |; the expressions for 7j(n), 0 < j < 5, are given
below.
o) nm) wm) wuh)  wubh) 7s5(n)
1 0 —n 2n 3n(n—2) —4n(5n—06)

For our purpose, we also need an additional uniformity property for JS-admissible functions as the
level parameter k£ may also depend on 7.

Lemma 3. The functions MkJ (2) are uniformly JS-admissible, i.e, if |z| > 1, then for | arg(z)| < €
M1 (2) = O(|z))
and for e < |arg(z)| < 7
&Z My 1 (2) = O(e1=5)12]), (27)
where all implied constants are absolute and hold uniformly for k > 0.

Proof. Let My 1(z) := é? M k.1(z). We first rewrite (18) into the following form

My () = /O

Consider first the region | arg(z)| > e. The bound (27) holds trivially for k = 0 since My 1(z) = 1.
Thus, we assume k > 1. By the trivial bound u, x < 21, we get the a priori upper estimate | My (z)| <
2|z|e!?!. Plugging this into (28) yields

z 1
2e3 My (Lu) du = 22/ e My_y 1 (Le2) dr. (28)
0

1
|Mk’1(Z)| < 2|Z|2/ te%t(m(Z)'HZD dt
0

1
1
< 2|z|2/ o t(eose+ Izl g
0

< 4|Z| e%(coss+1)|z|'
cose + 1

Since %(cos e+ 1) < 1, this proves (27).
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Now we consider the sector | arg(z)| < &. The required bound M k,1(z) = O(|z|) will follow from
(25) and the smallness of F(z)/z to be proved in Proposition 1 below (see also Remark 3). Tt is also
possible to give a direct proof although with a weaker estimate (sufficient for our de-Poissonization
purposes). By (28)

1
Mk,l(Z) = 22/ e_(l_t)ZMk_l,l(%lZ) dl,
0

and induction on k, we deduce the (slightly worse) bound M, k1(2) = O(z] ey 1

_ By the asymptotic expansion (26) and Lemma 3 (which also gives bounds on the derivatives of
Mj 1(z) by Ritt’s theorem; see [16]), we can justify the “Poisson heuristic” for i, x as follows.

Lemma 4. Forlargen and 0 < k <n
Mg = My, (n) + O(1),
where the O-term holds uniformly in k.

From this and (25), we obtain now Theorem 1 (except of the positivity of F(x), which will be
established in Proposition 2 below).

2.3 Asymptotics of F(z)

In this subsection, we derive an asymptotic expansion for F(z) for small |z| and prove the positivity of
F(x) on R™; the corresponding large-|z| asymptotics is much easier; see (5).

Proposition 1. For each integer m > 0, the mth derivative of F satisfies

m+%+lo‘172 2
m) .y _ P z _(logp)® —1
F7e) /27 log, p o ( 2log2 P(log, p))(l +O(llog oI ™). (29)

as |z| = 0 in the sector | arg(z)| < &, where P(t) is given in (7) and p = p(z) solves the saddle-point
equation

p 1
logp zlog2’

satisfying |p| — oo as |z| — 0.

Proof. By additivity, the Laplace transform of F has the form

(_1)1' 2—(9
ZLF(z);s] = _— N(s) > —1),
F@:sl=2 5o vy  @©>-D
j=0
which equals the partial fraction expansion of the product
1 1
ZLIF(z)s)=]] = (30)

0 1+277s  Q(=29)

Since we are interested in the asymptotics of F(z) as |z| — 0, which is reflected by the large-s
asymptotics of .Z[F(z); s], we apply the Mellin transform techniques for that purpose; see Flajolet et

12



al.’s survey paper [13] for more background tools and applications. In particular, taking logarithm on
both sides of (30) and using the inverse Mellin transform gives
1 —%-Hoo

TS

dow,

log Q(=2s) = > log(1 +27/s) =

50 2mi _%_,-OO (1-29)wsinrw

because the Mellin transform of log(1 + s) equals

/oosw—l log(1 + s)ds = N(w) € (—1,0)).
0

wsinTw’
Now, by standard Mellin analysis (see [13]), we deduce that

(logs)? logs

log Q(—2s) = Tload log 2 + 3

+ P(log, s) + O(Is| ), (31)

uniformly as |s| — oo in the sector |args| < w7 — &.
Next, by the inverse Laplace transform, first for z = r real, we have

1 14+ico mrs

F(m)(r) _ Se

271 S 0(=29) & G2

It follows, by moving the line of integration to h(s) = p and by substituting the asymptotic approxima-
tion (31), that

ioo 2
F™ () = L o s exp(rs _ Uogs)” logs P(log, s) + O(|s|_1)) ds.
271 Jp—ioo 0
A standard application of the saddle-point method (see [14, Ch. VIII]) then yields (29) for real z with
z — 0.

When the imaginary part of z is not zero, we can still apply the same procedure but need to deform
the integration contour in the representation (32) from the vertical line with real part 1 to the one where
the portions from 1 +7 to 1 +iocoand 1 —iooto 1 —i are tilted slightly to the left; see the Appendix
for details. 1

Remark 3. As a consequence of the above proposition, we see that F(z) is smaller than any polynomial
of z as |z| — 0 in the sector | arg(z)| < e.

Asymptotically, for large X := x e R,

_1
xlog2’

loglog X  (loglog X)? —2loglog X loglog X)3
p=X<1ogX+1oglogX+°g og X _ (loglog X)” — 2loglog +O(M)). (33)

log X 2(log X)?2 (log X)3

Substituting this into (29) gives the more explicit expression (6) (but with a worse error term).
Finally, we prove the positivity of F on the positive real line.

Proposition 2. The function F(x) is positive in (0, 00).

Proof. Since [, x > 0, we see, by Theorem 1, that F'(x) > 0 on (0, c0). Then, from (30),

(1+9)Z[F(x)s] =[] = Z[F(x): 3s).

T L0—j—1
j>01+21 )

13



The corresponding inverse Laplace transform yields the equation
F(x) + F'(x) = 2F(2x).

With this differential-functional equation, we prove the positivity of F by contradiction. Assume a
contrario that F(x) has a zero in (0, 00), say xg. Then F’'(xg) = 2F(2x0) > 0 and since F'(xy) > 0
is not possible (for otherwise F(x) would become negative in a neighborhood of x(), we also have
F(2x¢) = 0. Continuing this argument, we obtain arbitrarily large zeros. This is, however, impossible
since we see from (5) that F(x) is positive for all x large enough. 1

3 The Variance of the External Profile

In this section, we prove Theorem 2 by the same approach used above for the mean, starting from the
second moment vy j = E(Brzl «)» Which satisfies, by (16), the recurrence

_ n—1 _ n—1
Vi = 227" Z ( ; )Vj,k—1+22 " Z ( ; )Mj,k—lﬂn—l—j,k—lv (nk=>1),

0<j<n 0<j<n

with the boundary conditions vog = 1,v,0 = 0forn > 1, and vy = 0 for k > 1. Translating this
recurrence into the corresponding Poisson generating functions

~ _ Zn
Mic2(2) =77} Jvni—,  (k>0)

n=0

leads to the differential-functional equation
~ ! Y 1 Y 1,2
Mi2(2) + My ,(2) = 2My—12(32) + 2Mi—11(32)", (k>=1), (34)

with ]\710,2(2) =e %

Since the variance is expected to be of the same order as the mean (notably when both tend to
infinity), there is a cancellation between the dominant term in the asymptotic expansion for v, x and that
for Mfl’ - Such a cancellation of dominant terms can be incorporated in the Poissonized variance (as in
[15, 16]): y 5 5 5

Vie(2) = My 2(2) — My 1 (2)* — 2My (2)°,

which itself also satisfies, after a straightforward calculation,
Vie(@) + Vi(2) = 2Vi1 (32) + 2 M} 1 (2)%, (k = 1), (35)

with Vo(z) = e % — (1 + z)e~2%. In this form, the original inherent cancellation is nicely integrated
into the same type of equation with an explicitly computable non-homogeneous function, and we need
only to work out the asymptotics of I7k (z), which will be proved to be asymptotically equivalent to the
variance of B,, x in the major range of interest.

3.1 Exact Expressions

To justify the cancellation-free approach to computing the asymptotic variance, we still need more ex-
plicit expressions for M, k,2(z) and Vi (z). For that purpose, we apply Laplace transform on both sides
of (34) and obtain

~ 4 ~ 4 -
LMy »(2):s] = mf[Mk—l,z(Z)ﬂS] + m«f[Mk—l,l(Z)zﬂs]» (k>1),

14



with £ [Mo,z(z); s] = . Tterating the recurrence gives

1
s+1

o 4 AT LM ()% 287 5]
AWM @l =y o Ty T )3 (s+ 1) Qs+ 1)

(36)
0<j<k

From (20), a manageable expression for the Laplace transform of Mk_ IR (2)? is given by
(—1)h+er=(3)=() ]
01Qj-1nQeQj—¢ s+2h=7 420-7"

LM ()%s) =47 )

0<h b

This and the partial fraction expansion (19) yield

Z 4k =J LIM; 1 ()% 2k 5]

ocj<k 6 D@+ D)

2241 (ZpyrHhti-()-(3)-() 1

- G ,,%;)ey QrQk—1-j—r0nQj—1QeQj—¢ (s+2r+17kHi)(s 4 20—k 4 2t=k)’

where
S ={{.,rnht) 0 j<k—-1,0<r<k—1—j,0<h <]}

From this and the expression

1 1 1 1
(s+“)(s+”)zv—u(s+u_s+v)’ (7 v).

we obtain, by term-by-term inversion,

2741 htlA—(T)— hy_ (¢
22j+ (_1)r+ +4H (2) (2) (2) 2r+1—k+j’2h_k+2e_k;z)

Myeo(2) = M |
k,2(2) k,1(2) + Z OrQk—1-j—r0OnQj-nQe0j—¢

(j,rhl)es

where
e Uz _ oz

e
z
o(u,v;z) = e_”Z/ e~V g = v—u

0 ze Uz,

if u # v;
ifu =v.
Taking the coefficients of z” on both sides, we are led to the exact expression for vy, x:
2j+1 +h+L4—(5) -3
299 (=1)" 2~()-G)-G) ri—kt phk 4 otk

, 37
0, 0r—1—)— 010y -1 000y GP

Vnk = Unk + Z
(.r.h)es

where

1
S(u,v;n) = n/ (1—u—(@—u))" de
0

(—w"=(-v" ifu £ v
= vV—u

n(l —u)* 1, ifu =v.

Similarly, by (35) and the same procedure, we also have

Vi)=Y

(.r.h )V

k=i (1) +htty=(5)-(3)-()+2h+2t

OrQk—j—rOnQj—n0Qe0j—¢

o2 2 42807k, (38)
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where
V={.,r,h,0) : 0<j<k0<r<k—j0<he<j},

and @(u, v; z) is defined in (10). Note that the equality 2"t/ = 2/ 4+ 2¢ occurs if and only if (/, r, &, £)

belongs to the set

{(j,r,h,) : 1< j<k,r=0h=L=j—-1 or 0<j<k,r=1h=4L=j},

and the corresponding terms in (38) are

r—k—jr—2(§)+4j ,2

2k=jp=2(03)+4G-1) 2
- —e

Z 2i—k, Z _oitl—k,
A - —-—e
22 2
0<j<k Qk_leQj—] 2 0<j<k Qk—j—]Qle 2

which become zero since Q1 = % Hence, the equality part in the definition (10) of ¢(u, v; z) may be

ignored.

3.2 Asymptotics of Var(B, )
The range where 2Kne=2""n
of k (and even in the wider range where 27%n - o0), we have

Var(By, ) ~ z(1 —27ky"
" Ok ’

uniformly in k. To prove this, we use (37) and begin with the estimate
5(2r+l—k+j’ 2h—k + 2€—k; l’l) — O(l’l(l _ 21—]()71)’
where the implied constant is absolute in # and in k. Substituting this into (37) yields

Vuk = Mok + (’)(n(l Caky Y zzfz—@—@—(é))
(j,rhl)es
= Uni + O(nd* (1 =217F)").
By the asymptotic estimate (4) for (, x, we then have
2k o 1 —21-k)"
Vnk = Q_(l - 2_k)n(1 + (’)(e 2"71) + (’)(n2k(—)n)).

‘ (1-2%)

From this estimate and (23), we see that

— 0 can be treated elementarily, as in the case of the mean. In this range

(39)

because 2kne=27"" — 0. Also, pt, x = o(1) in this range. Thus, we get “Z « = 0(Unk) and then

(39). Note that it is possible to extend slightly the range to 2ke=27n _ () because there is only one
term containing the factor n(1 — 21_k)” in the sum (37) (whichis when j = r = h = [ = 0), and the
contribution of all other terms is bounded above by O(4% (1 — 21=%)™). Moreover, that (39) holds in the
wider range 2~%Kn — oo follows from a refinement of the expansion of Theorem 2, which can in turn be

obtained by the analytic method below.

On the other hand, complex analytic tools apply in a wider range. In contrast to the mean, however,
we do not prove an identity for Vi (z) (compare with Lemma 2 and see Remark 4) but we directly prove

an asymptotic result similar to the one for the mean in (25).
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Lemma 5. For |arg(z)| < eand k > 0, Vi (2) satisfies the expansion
Vi(2) = 28G(27%2) + 0(1), (40)
where G(z2) is defined in Theorem 2.

Proof. Similar to Lemma 2, we first consider Q oo/ Q— j—, Which satisfies the uniform bound

Qo _ [ 2k <1y 0, »
Qk—j—r

£>1

Here the product also makes sense for j + r > k where it becomes zero and thus the bound also holds
in this case. Substituting this into (38) gives

Vie(z) = kG (2_kz)

T2 )

Jr200<h,l<j

(_1)r+h+£2—j—(g)—(§)—(§)+zh+2£

000r0n0j-n0e¢Qj—

O/ o2+ 2h 4 2827k 2)).

To estimate the double sum, we split the summation range into two: (i) &, £ < | j/2] and (ii) either
h>|j/2]orf > |j/2],and denote the resulting sums £ (z) and E,(z), respectively. By the estimates

o), ifh, £ < j/2],

o 2 OQItry, ith>|j/2)ort > /2],

where the implied constants are both absolut, we have
E@=0(>. > 2—f—<;)—(’;)—(§)+zh+ze) — o).
Jr=00<h £<j/2

and

E,(z2)=0 Z Z 2—(;)—(2)—(§)+r+2h+2£ = O(Z j—12—§j2+21‘) = O(1).
Jir=0  0<h A< Jjz1
h>j/2ord{>j/2

This proves the claimed expansion. |

Remark 4. Comparing with Lemma 2, it would be natural to derive an identity for Vi (z) in a way similar
to that for My ;(z) by replacing the first order asymptotics (41) by the full expansion

O _ _njtr—k—ty _
Qk—j—r 1_[(1 2 ) Z

>1 m=>0

_(m+1
(-1m2=("2) S(tr—k)m
Om
which is zero for j + r > k. However, doing so yields an expression that is no more absolutely
convergent, as pointed out by one referee. Nevertheless, ignoring the convergence issue and carrying
out all computations formally, one can expand Vi (z) as

2—("F)—mk

Vi(z) =28 —o Hp(27%2), (42)
m=0 m
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where H,,(z) are suitable functions. Then, a formal calculation of the Laplace transform gives (after a
lengthy computation)

- gx(27y)
m j eJN 7l
L Hp(z);s] = s §4 02Ty (43)
where g7 (s) = £z (]\Zj”1 (2))%;s]. Similarly,
Cgr(27y)
(m) . _ .m j eJ\=
.,S,”[G (z),s] s ]§4 IEEn (44)

where this relation indeed holds not just formally but also in a rigorous analytic sense since the series
representation of G (z) does converge absolutely for all m > 0 (this can be proved by bounding the
derivatives of ¢(u, v; x)). Thus, (43) and (44) suggest that

Hu(2) = G™ (). (m>0)
which in turn suggests that the following identity

_ m;—l —km
Vi) =25 " ) ) : G™(27%z).

m=0 m

This identity, if true, would be the variance analogue of the identity in Lemma 2. This identity was
claimed to hold at the end of Section 1 in the conference version of this paper. However, it is not
rigorously proved. This shows the intricacy of the analysis for the variance.

Note that (40) gives the version of (8) under the Poisson model. From this we will deduce now
Theorem 8 by the same approaches used to prove Theorem 1, namely, de-Poissonization techniques
through the use of JS-admissible functions.

Lemma 6. The functions Mk,z(z) are uniformly JS-admissible. More precisely, if |z| > 1, then for
larg(z)[ < e N
Mp2(2) = O(|z]),

and for ¢ < |arg(z)| < . /
e’ My ,(z) = O(e(l_s)m),

where all implied constants in the O-terms are absolute for k > 0
Proof. We proved in [16, Prop. 2.4] that if g(z) is JS-admissible, then f (z) with

f@+ ) =2f(k2) + ().

is also JS-admissible. Since 2, k—1,1 (%2)2 is uniformly JS-admissible (by Lemma 3), the same property
holds for Z\;Ik,z(z) by the same proof of [16, Prop. 2.4]. Alternatively, the bound for ]\;Ik,z(z) can be
derived from (40) and properties of G(z) and M k1) 1

We are now ready to prove Theorem 2. Since M, k2 € #, we have the expansion

(])( )
k= ) —,r,<n)+0(Mkz(n>n ),

0<j<3

18



where we retain the terms from (26) with j > 3 so as to guarantee that the error term is O(1) (since
My 2(n) = O(n?)). For Mn k> we need an expansion with an error up to O(n_l):
()
M (n
k,1 ~ —_
Hn g = Z T 7j(n) + O(My,1 (n)n 2),

0<j<3

so that /xi & 1s correct up to an error of order O(1). Then we obtain
Var(By i) = vk — i = Vie(n) + O(1),

where we have used the relation Mk,z(n) = Vk (n) + Mk,l (n)? + nM,é 1(11)2. By (40), this proves the
approximation in Theorem 2.

3.3 Asymptotics of G(z)

We now derive the asymptotic behaviors of G' for small and large |z|, and prove that G(x) is positive for
x € (0, 00). In particular, the asymptotic approximations of G will imply (11).
First, the asymptotics of G(z) for large z follows directly from the defining series (9)

e—Z

Oco

for 91(z) > 0. In contrast the small-|z| asymptotics of G turns out to be very involved, which we now
examine.

G(z) = + O(|z]e @),

Proposition 3. For each integer m > 0, G™ satisfies the asymptotic estimate
G (2) ~ 2F™(z),
as |z| = 0 in the sector | arg(z)| < e.

The proof of this proposition is long and technical and relies mostly on Laplace transform. Note that
since the Laplace transform of G is just s times the Laplace transform of G, it will be sufficient to
consider only the case m = 0.

We start from the Laplace transform of G(z), which by (43) and (44), is given by

g(7s)

ZLIG(z);s] = ZRJ-(S), where  Rj(s) := m

Jj=0

(45)

Here g;‘ (s) = L[z2(M j” 1(2))%: 5], which, by (20) and a straightforward computation, has the form

(_1)h+ez—(§)—(§)+2h+2e 1
010;-10¢0j—y  (s+2hT 426-7)2

HOEEREDY

0<h L<j
Strangely, the dominating term in (45) is

2
0(=2s)

for large |s|, and the hard part of the analysis consists in showing that } ;. Rj(s) = O(|Ra(s)/s]).

Ry (s) ~

19



Lemma 7. For large |s| in the half-plane R(s) > 0, Ry and R satisfy

-2 -1

— S -1 _ 9 —1
Ro(s) = Q(—zs)(l +O(s|77) and Ry(s) = Q(—2s)(1 + O(ls|7)), (46)
respectively, and Rj with fixed j > 2 satisfies
F —3)1() .
Rj(s) = @/ -3 (14 0(sI7h)). (47)

. | 2 s
(7 =2)H*0(=25)
Proof. The estimates (46) for j = 0 and j = 1 follow from the closed-form expressions

4 32 64

~%xn—1 _ _
and g1 ) = T T G T e

go(s) =

1
(s + 2)?
and the functional relation Q(—2s) = (1 + 5)Q(—s). Thus we assume now j > 2.

Since gj *(2/ 5) is the Laplace transform of 47 z M ]” (27z2)2, we see that the large-|s| behavior of
the former is reflected from the small-|z| behavior of the latter. Starting from (19) using Ritt’s theorem
for the asymptotics of the derivatives of an analytic function, we obtain successively the estimates in the
following table.

/@) M; () M\ () 4zM] ()
j j—2 2iG+1D i
slz[~0  guteve  gommouwr Gt
. 47 4752 Sk (H—]
L1/(2):s] [To<e<; 2%s+1) [To<e<j 28s+1) §j (2 S)
as|s| » oo 27U=N/2g=i=1 2=j(=3/2g=j+1 _QIZD 5j(j+1)2-2)
((j-2)H?

where the entries in the second and the fourth rows give the asymptotics of f and its Laplace transform
as |z| — 0 and |s| — oo, respectively. All error terms are of the form 1 + O(|z]) and 1 + O(|s|™!),
respectively,

From this table and the estimate

- 0(-2s)
0(=2""s) = (1+s)1 +271s)--- (1 +2-G=Dy)
— 57 025201 + O(s|™"), (48)

for large |s|, we obtain (47). |
We now enhance the asymptotic approximation (47) by incorporating the uniformity in j.

Lemma 8. For j > 2, uniformly as |s| — oo with R(s) > ¢

(9(1 ot 9—(logy |s[)(logy |s|— 5)) if1<|s| <2/711,
~ —7 o)
gi(@27s) = 3

5 49)
O (2735|7242, ifls| > 27+,

Proof. For notational convenience, we write the Laplace transform of /2 as 2* and the convolution as

1 .
i) = [ ot — o dr
1 2 T 27 1 2 .

1o
28100
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Since g}" (277s) = .,2”[2]\;[](’1 (27 2)?; 5], we see that, by the relation .Z[zh(z); s] = —h*(s)/,

gr(277s) = —(Lj » Lj)'(s) = —(Lj » L})(9).

where

S2

Li(s):= .
J (S) ]_[KK]- (1 n Z_KS)

(50)

On the other hand, since

2 1
Lo-ro(- ¥ %)

0l
we now derive an upper bound for each of the convolutions

Lij(s)
s+ 2¢

L .
Lj(s)*( J(S)) and Lj(s)*( ) 0<e<
s
Note that if both 47 (s), h5(s) = O(|s|™") for large |s|, then we can replace (hT » h3)(s) (for
M (s) > 0) by the integral
— hy(0)h5(s — 1) dt,
5wt ] O =0
where y(s) := {%s (1+4+iv):—c0o<v < oo} is the symmetry line between 0 and s; such a choice
implies |t| = |s — | fort € y(s) and |L;(¢)| = |L;(s — t)|. This simplifies our analysis.
By (50), it is also straightforward to show that for all s with 3 (s) > 0 and for all ¢ € y (s),

(’)(|z|3|s|_12_%0°g2 |¢[)(log, |t|+1)); for 1 < |1] < 27,
Lj@) = (51)

O U+D/2)|=i+1) for |¢] > 2/.
Now, we are ready to prove (49). Assume first that |s| > 2/, Then |¢| > 2/ forall 1 € y(s).

Furthermore, we have |z + y| > |s|/2 forall ¢ € y(s) and for all non-negative numbers y. Consequently,
by (51),

Li(s) 2
M@*(’ N<—- L) | dr]
s+y |S| y(s)

2j(j+l) 2 2j-2 00 1
Is| - \s] o (I+v%)/~
92 +3j
—o( )
Jls|=2
where we used the substitution ¢t = %s (1 4+ iv). Since g;.“ (2_j s) can be written as the sum of j + 1
terms of this form, (49) follows (in the case |s| > 2/11).
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If |s| < 2/71, then we split the integral into two parts. The first one is by (51) bounded above by
2 |Lj(t)*|dt] = O (L/ |¢62~logz I (log, l£[+1) |dt|)
Is] Jrey (o), 1e1<2/ P’ rey(s), jrj<2i

_0 £|52—Cloe2 D Gogs Is) | d,|)

(I 13 Jiey(s), 1t1<2/

1
(s o ar)
|s] tey(s) lt]<2d

|S| —logy |s| oo
|s| / 11+ iv|7lelsl gy
0

log2 [s|+5log, |s| )
9

Il
Q

I
©

@
log |s|

where we used the inequality |¢| > %|s| and the substitution 1 = %s (1 4 iv). Finally, the remaining
integral is bounded above by

2 G 2\¥72 o 1
— 1L (1) | de] =O(2"’+”(—) / T i1 d”)
Is| Jiey(s), |t]>27 Is| z (1 +v2)J
= 0Of2/0+D 2 j_zl M v
s i\ 2/
Is] J
2= +8j
o(—, 3 )
J s

7—j2+8j (2—1og§ s|+5 log, |s|)
JlsP? log, [s| ’

Since |s| < 2711, we then have

and accordingly

~ —iN J —1logZ |s|+5 logy |s|
*(27ig) = O —L— plog3 ealsl )
&) (logz ]

which completes the proof of the lemma. |

We now derive a precise asymptotics for Z[G(z); s] for large |s|.

Lemma 9. The Laplace transform of G satisfies

Z[G(2):5] = (1+0(s17).

2
Q(-2s)
uniformly as |s| — oo and N(s) > &

Proof. By Lemma 7, we have (R; (s) being defined in (45))

Ro(s) + Ri(s) + Ra(s) = (1+0(sI™")).

2
0(=2s)

For the remaining terms, we examine the factor Q(—21_j s). By (48), we have, uniformly for |s| — oo
with R(s) > 0 and |s| > 1,

yl=ig) — Q(1), . if 1< s < 27
P2 = a0 20R®), it > 27,
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Now, it follows from Lemma 8 that

) RJ(S)ZO(|Q(i2s)| 3 2;j(j+3)—<j—z)log2|s|)

3<j<logy |s|—1 3<j<log, |s|—1

1
=0o[—;
(IS Q(—2S)|)’

also by Lemma 8 and (31)

3 Rj(s)=(9< 3 J 2—(log2s|>(log2s|—s>—zj)

log, |s
j>log, ] g2 sl

J =log, |s]

(2—(log2 [s[)(log, |S|—3))

o
2~ (0g; Is))(log; Is|~7)/2
o
|Q(=25)]

1
O(ISQ(—2S)I)’

This completes the proof of the lemma. 1

Proof of Proposition 3. Proposition 3 now follows from Lemma 9 because ﬁ is the Laplace trans-

form of F(z), details being similar to the proof of Theorem 1 (for the asymptotics of F(z)). |
Finally, we prove that G(x) is a positive function.

Proposition 4. The function G(x) is positive on (0, 00).

Proof. By (45) and the inverse Laplace transform, we see that

Gx)=Y 2/ /Ox(x — M (2 (x —1)>F(2/1) dt.

Jj=0

Since F(x) is positive on (0, 00), we then deduce that G(x) is also positive on (0, c0). |

4 Asymptotic Normality of B,

We prove in this section Theorem 3, the central limit theorem for B,, x, by the contraction method [31].
Recall that ju,, = E(By k). Letoy, g := /Var(B, ) foralln, k > 0. We consider the standardized
random variables when o,, ;. > 0
B. . —
Xk 1= nk — Mnk ’ (52)
On,k

and X, x := 0 otherwise. From (16), we obtain
d 07, k-1

Xpgxk = ———Xj, k-1 +
On,k On,k

On—1—J, ,k—1
: w1 gy k1 T Onk (In), (53)

where all Xj g, Xj * X and J,, = Binomial(n -1, %) are independent, X;Z i are distributed as X x, and

Mjk—1 + Kp—1—j k=1~ Hnk
On,k

(54)

bn,k(j) =
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Our goal is to prove that X, x converges in distribution to N’ := N(0,1) as 0, 4 — oc. This is
achieved by showing that in the limit (53) becomes

1 1
X 4+ — X* 55
V2 +ﬁ &)

which is satisfied by the normal distribution. Thus, apart from the convergence of X, x to X, we will

1N

X

show that the coefficients of the first two terms on the right hand side of (53) both converge to %, and

the third term there tends to 0 as 0, x — oo. In addition to these convergences, we derive (stronger)
uniform bounds in the next two lemmas. In what follows, we use || X'||3 to denote the L3 norm of a
random variable X.

Lemma 10. The L3 norm of by, i (Jy) is bounded above by
1601 (Ju) I3 = O(oy1)- (56)

Proof. Define the set A, = {|J, — 3n| < n%} and denote by 14, the indicator function of 4.
We first consider b, x (J,) on the complement Aj;, where we have

(’)(ne_z*/ﬁ) .

n,k

bn i (T e I3 = O(o,x)-

Here we used the linear upper bound of w, j (either by definition or by Theorem 1) and Chernoff’s
bound for binomial tails

Z 2l=n (n ; 1) = O(n_ie_zﬁ). (57)

It remains to estimate ||b, x (J»)14, [|3. By Theorem 1 and Taylor series expansion,

Ky he—1 + Hn—1—Jy k=1 — Kn.k
= 2KV E IR 4 25 F (2R — 1 - J)) — 25 F(27FR) + 01)
= 0(1 + F'27%n) + 4_k(Jn —in- 1))2 max }F”(Zl_kxﬂ).
|x—%n|<nz
Thus
16 (J)La, 13 = 0, 0(1 +47Fn max }F”(zl‘kx)l)-

|x—%n|<n%
Now by the asymptotic approximations (5) and (6) to F(x), we see that
(9(4_kne_(1_8)2_k”), if 27%n — oo;
4% max  [F'(2'7*x)[ = YO@TRnF(27Fn)), it 27Fn = 0(1);
lx—gnl<ni O(n='k2F(27*n)), if27%n—o0.
It follows that
47%n  max . |F”(21_kx)‘ = O(1),

|x—%n|<nZ

and this completes the proof of (56). |
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Lemma 11. We have the uniform bound

k=1 _ 1

On,k \/E

Proof. Note that (58) clearly holds if 0, ; is bounded since then, o, s—; is also bounded. We thus
assume in the sequel that o, y — oo which holds for & with (13). Also, note that

= 0(a;}). (58)
3

2 _ 12 2 _ 152
_ OJuk—1 " 2%k _0 HUJ,,,k—l 2%k 5
= = p; .
nk

1
3 Onk (UJn,k—l + 0k

0, k—1 1

On,k B E

To prove (58) from the last expression, we apply similar arguments as in the proof of Lemma 10 whose
notations we again adopt.

First, on the set A¢, the estimate (58) follows from the same exponential tail bounds for binomial
distributions and U’i x = O(n) (as in Lemma 10). On the other hand, on the set 4, we use Theorem 3
and the Taylor series expansion

05 oy =216 (2" ) + 0@

= 2k1G(27%n) + 0(1 +G' 7% n) + (7, — 1n)  max \G/(zl—kx)\).

|x—ln|<n%
2

Thus
HU;n,k—l — %o,ik H3 = (’)(1 +n  max \ ‘G/(21_kx)‘).

|x—%n|<nZ

Next, by the growth properties of G(x) from Section 3.3, we see that

Vn  max 3‘G’(21_kx)‘ = O(\/ZkG(2_kn)>,

|x—%n|<n1
because

@) (Zk/ZMe_(l_s)z_k”) . if27kFn — oo
Vi omax |6/ Fx)| = {0 (VAG(27Fn)). it 270 = O(1);
|x—%n|<n% k K o ~—k
O (k\/2¢G (2*n)/n). if 275 — 0,

This proves (58). |

We now justify the convergence in distribution of (52) to standard normal through the use of the
Zolotarev ({3-distance introduced in [35, 36]. Note that the fixed-point equation (55) appears frequently
in the analysis of recursive algorithms and random trees; Section 5.3 of [31] gives about a dozen such
examples. Most applications of the contraction method in the literature rely on the minimal L ;-metric.
However, recurrences leading to the limit equation (55) are beyond the power of the minimal L ,-metrics
as explained in detail in Section 2 of [31]. This deficiency of the minimal L ,-metrics was initially the
main motivation to develop the Zolotarev {-distance in the context of the contraction method in [31].
That (55) on an appropriate subspace of probability measures endowed with the {;3-distance constitutes
a contraction is also explained in details in Section 2 of [31]. This fact is the key for the present proof of
the central limit law in Theorem 3.

We recall a few properties needed.
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Zolotarev metric. The Zolotarev {3-distance of two distributions £(Y), £(Z) on R is defined by

§3(Y, Z) = §(L(Y), L(2)) ::fsuﬁ IECf(Y) = ()], (59)

where
Fyi={/ € C?R,R): | fPx)— fP) < |x -y},

denotes the space of twice continuously differentiable functions from R to R such that the second deriva-
tive is Lipschitz continuous with Lipschitz constant 1. It is known that {5(Y, Z) < oo if E(Y) = E(Z),
E(Y?) = E(Z?) and ||Y ||3, ]| Z]|3 < oc. The convergence in {3 implies weak convergence on R. We
need that {5 is (3, 4)-ideal, namely,

G +W.Z+W)<i(Y,2) (60)

and
G(cY,cZ) = P4, Z), (61)

for all W independent of (Y, Z) and all ¢ > 0. Note that this implies that
53 (Y1 + Y2, Zy + Z) < 83(Y1, Zy) + §3(Y2, Z3), (62)

for Yy, Y, independent and Z, Z, independent such that the respective {3 distances are finite.
The following bound is also used (see [9, Lemma 5.7] or [30, Lemma 2.1] for a slightly tighter
bound):

LX), L2) < (XI5 +IZIDIY — Z]5, (63)

where on the right-hand side the pair (Y, Z) forms any coupling of the distributions £(Y), £(Z) on a
joint probability space.

The ¢3-distance is part of the family s, s > 0, of Zolotarev metrics.

Before we prove Theorem 3 with this metric, we need another crucial technical lemma.

Lemma 12 (O- and o-transfer for (17)). Let « > 1 and consider the recurrence (17).

(a) If by = O (2“kG(2_kn)a + 1), then ap ) = O (Z“kG(Z_kn)a) for any sequence k = k(n)
such that oy, ) — 00;

(b) If by = o (2"‘kG(2_kn)a + 1), then ay . = o (2"‘kG(2_kn)a) for any sequence k = k(n)

such that 6, j — oQ.
See (13) for the range where 0, ; — 0.

Proof. We start with part (a), and prove by induction on & the uniform bound
| k] < Co2%¥%G (27%n)™ 4 Don' e, (64)

for some constants Cy, Dy > 0 (specified below) and an arbitrarily small ¢ > 0. For k& = 0 the bound
(64) holds. Hence, we assume that (64) holds for all k&’ < k. To prove it for k, we substitute (64) into
the recurrence (17), and obtain

lanil <2277 > (” ; 1) (Coz(k—”a(;(zl—kj)“ + D0j1+8) + C 2k G (2% ) 4+ Dy, (65)

0<j<n
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for some constants C; and Dj. As in the proof of Lemma 10, we split the above binomial sum into two

parts according as |j — %n| < nior |j — %n| > ni. The sum over the latter range is, by Chernoff’s
bound (57), bounded above by

2 3 (” ; 1) (Co2®=D2G (217K j) 4 Do j1+2) = O (e 2Y7) = 0(1),

o 3
|j—3zn|zn4

because alf & is at most of linear growth. For the remaining sum with |j — %n| < n4, we split it further
into two parts, one for each summand inside the parentheses of the first term in (65). The second part is
independent of & and can again be easily estimated by binomial concentration properties:

-1
2Dy Z 21—"(”], )j1+8=2—8D0n‘+8(1+o(1)).
3

|j—%n|<n‘z

We are left with the sum
—1
2lmegoke Y ol (" ; )G(zl—kj)"‘. (66)
|j~dnl<nt

By Taylor expansion, we have

P P 2
G2k ) = GF)" + oG Rn) T G ) L O(E(n)(2]4—kn))

with
Em = max (|65 16 1R P + a2 R0 [T 6" (21 E)).
|x—%n|<n%

Substituting this into (66), we deduce that

Cozl—azka Z 21—}1 (}’l ; I)G(zl—k])a

|x—%n|<n%
= Co2""*2%* G (27*n)*(1 + 0(1)) + (1) + O (4_k2k“nE(n)) . 67)
Now, by the properties of G(x) from Section 3.3,

9] 4_kne_“2_k”+o(2_k”%)), if27kn — 00;
—k
4TnEM) =\ 04 *nG(27*n)%), if 27%n = O(1);
O(k?n='G(27%n)%), if 27kn — 0.
Thus, O(4 k2% nE(n)) = o(1 +2%¥*G(27%n)*), which shows that the last term in (67) can be

dropped.
Collecting all estimates and substituting them into (65), we get

lan x| < Co2' 722k G (27 n)* (1 + 0(1)) + Do27%n'T5(1 4 o(1)) + C12%%G (27%n)* + D.

Since 217% < 1 and 27¢ < 1, it is clear that one can choose Cy and Dy such that the latter is bounded
by C02k“G(2_kn)a + Don!T. This proves the uniform bound (64).

Using the uniform bound (64), the assertion of part (a) can now be obtained by another induction on
those k = k(n) such that 0, x — 0o, where we can use the same arguments as above since now D in
(65) can be dropped and thus the second term in the uniform bound (64) is not needed anymore.

Finally, part (b) follows mutatis mutandis the same method of proof. This proves the lemma. 1
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Proof of Theorem 3. Denote by

I, ifoux >0,
ln,k = .
0, otherwise.

To bound the {3-distance between X}, x and N(0, 1) we define

(o} — Op—1— —
n 1= KL N SIS N (), (68)
’ On,k On,k

(]

if 0 x > 0 and B, 4 := 0 otherwise, where N, N'* and J, are independent and N and N'* have the
standard normal distribution. Conditioning on J, and using (53), we obtain, for all n, k > 0,

Var(En,k) = Var(Xn,k) = Var(ln,kN) = 1n,k-

Since all the random variables in this display are centered and have finite third moments, we see that the
{3-distances between them are finite. Thus

;3(Xn,k’ ln,kN) < ;3(Xn,k’ En,k) + §3(En,k7 ln,kN)'
We first bound the second term on the right-hand side. Note that Lemma 10 and 11 imply that
IEnills = Oloy +1).

Furthermore, we have the identity

4 1 1 *
N—J—EN+\—6N, (69)

where N and AV'* are as above; compare with (55). Now, using the representations (68) and (69) and the
inequality (63), we have

§3(En,k» 1n,k/\/‘) = §3(En,k»N)

o _ Oy—_1— _
=(’)((Un_’,3+1)” {;”’lkklNJr n lo,,JZ’k L+

)

bk () = (I N+ =N
3
4 ||bn,kun>||3)) .
3

OJnk—1

=0+ (|75 - 5

Consequently, by Lemma 10 and 11,
3B LngN) = O(0, 2 + 0, 1)-

Thus,

An, k) = §3(Xn,k’ 1n,k-/\[) < E3(Xn,k, En,k) + 0(0;3 + Un_,]l()

We are left with the distance {3(X, x, E, ). Using the definition (59) and conditioning on J,, we see
that

- - n—1 0j k—1 On—1—j,k—1 .
§3(Xl’l,ka C‘n,k) < 21 " Z ( j )Q( ]G Xj,k—l + %Xj_l_j,k_l +bn,k(]),

0<j<n n.k On.k

O L— Op_1—i k—
I by VOl o L 1/\/*ern,k(j)).

On,k On,k
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We then majorize the latter expression by using the +-ideal properties of {3 in (60), (61) and drop the
by k (j) terms. This gives, by (62) and again the 3-ideal properties of {3 in (60), (61),

-1 R
&3 (X Enp) <2177 Y (” . )((M) 83(X) m1- 1 k=t N)

0,
0<j<n J n,k

3
On—1—j,k—1
+ (%) ;3(X:_1_j,k_1’ln—l—j,k—lN*))

On,k
n n—1Y\ (0 k-1 o
=2 Z . L) AL k- 1).
0<j<n J On.k

Note that the corresponding summand is zero when 1; 1 = O or 1,_;_; 1 = 0. Collecting the
estimates yields

Amky<2m Y (" _ 1) (M) A k=1)+O0(0, 1 +0,%)-

0<j<n J On.k
From this, we see that 0}3’ An, k) is bounded above by a sequence a, j satisfying (17) with by, j =
O(0}, +1). Thus
o,f’kA(n,k) =0 (03"};8) ,

whenever 0, y — oo by Lemma 12, part (a) (with @ = 1 4 ¢ for any ¢ > 0). Thus A(n,k) — 0 as
On k — 00, and this completes the proof of Theorem 3. 1

5 Internal Profile

In this section, we present the results without proofs for the internal profile 7,  because all proofs used
for the external profile extend to those for the internal profile, which satisfies the same form of recurrence
as By j, namely,

d
In,k = [Jn,k—l + 1:_1_114,]{_1, (n,k > 1),

where the notation is as in (16). The only differences lie in the boundary conditions: Iy x = 0 fork > 0
and I, o = 1 forn > 1.

From this recurrence and the same method used in Section 2, we can derive the following (mostly
known) result for the mean; see [10, 25].

Theorem 5. The expected internal profile satisfies
E(L,x) = 2XF(27%n) + 0(1),
uniformly for 0 < k < n, where Fy(x) equals the antiderivative of F(x):
_ni-C3H
Fix)=1-)_ L e
2 010x

Moreover, Fr(x) is a positive function on R™; see Figure 4 for a plot.
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From the above expression, we see that as x — oo
—X

Fr(x)=1- eQ— o) (e—2X)

oo

and as x — 0, with the same method as in Section 2,

1 1
log2 X 2Tk log(X log X)?
Fr(x) = 22 _ 082 P82) _ P(log,(X log X))
2w log X 2log?2
loglog X)?2
" (1+O((og og X) ))
log X
where X = #gZ and the 1-periodic function P(¢) is defined in (7). The extra term X ~!(log X)~!,

when compared with (6), comes from integration (or from the additional factor s~! in the Laplace
transform of F7(x) and the saddle-point approximation).

0.9 0.10
0.8
0.7 0.081
0.6
0.061
0.51
0.41
0.04-
0.3
0.2 0.02+
0.1+
0 —————————————— 0 ————————————=
o 1 2 3 4 5 6 7 8 o 1 2 3 4 5 6 7 8

Figure 4: The functions Fy (left) and Gy (right).

Similarly, the same approach in Section 3 leads to the following asymptotic expansion for the vari-
ance.

Theorem 6. The variance of the internal profile satisfies
Var(I, 1) = 2KG (27%n) + 0(1),
uniformly for 0 < k < n, where Gy(x) is positive on R defined by
yrHhtg=i=()=(3)- () +h+t

D (=1 ri ok ol
G == 2 ],2 2 ; )
1) 000 Qr0h0j— 1010 4 +25%)

J.r200<h L<j

where @ is defined in (10).

Note that the only difference between G(z) and Gy(z) is that the exponent 2/ + 2¢ in the series
definition (9) of G(z) is replaced by & + £; see Figure 4.
Proposition 5. The function Gy (x) satisfies

—X

e
Gr(x) ~ Qoo
Fr(x), ifx—0.

if x > oo;
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Corollary 3. The variance of the internal profile tends to infinity iff there exists a positive sequence wy,
tending to infinity with n such that

: (70)

where kg and ky, are defined in (12).

Note that the only difference from the central range (13) for the external profile is the additional shift
of —1 in the upper bound, a property implied from the fundamental relation

2ng = Ing+1 + Bpjt1-
Finally, (70) is the range where the internal profile follows asymptotically a normal limit law.
Theorem 7. If Var(l, ) — oo, then I, i is asymptotically normally distributed:
Ink —E(lni) d

Vol ) — A0, 1).
6 Applications

In this section, we apply our results on the profiles to establish the asymptotic two-point concentration
of the height and the saturation level in random DSTs.
6.1 Height

We first prove Theorem 4 for the height of random DSTs. Recall that kg7 is defined as follows:

1 1
kg = Llogzn + +/2log, n — zlog2 log, n + ﬁJ .
og

To prove the asymptotic concentration of the height at kg and kg + 1, we also need a finer approx-
imation to the mean. By using more terms in the identity of Lemma 2 (together with Lemma 1 for the
error term) and (26), we obtain

png =28F(27*n) + F'(27%n) —27%""nF"(27%n) + © (n‘1 + 4"‘n) : (71)

Moreover, from Theorem 1 and Theorem 2 and the asymptotic growth of G(z) and H(z) from Sec-
tion 2.3 and Section 3.3, respectively, we deduce that the variance of B, x is asymptotically of the same
order as the mean:

Op i = Oknk) (72)

for k with p, x — oo; compare with Corollary 1.

Lemma 13. For all k,

1= 2" pppere <P(H, < k) (73)
£>1
and for all k with i, g 41 — 00,
1
B(Hy < k) = O ( ) , 4)
Hnk+1
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Proof. The proof relies on the first and the second moment method.
Noting that I, ; > 0 if and only if H, > k, we have, by the first moment method,

P(Hy > k) = P(Ix > 0) < E(, ).

On the other hand, in view of the relation I, x = > (1 2t By, i+, (73) follows from the inequality

P(Hy > k) <) 2  bn ke

£>1
For the upper bound, since B, 1 > 0 implies that H,, > k, we see that
P(H, > k) = P(By k+1 > 0).

By the second moment method,

o2
P(Hy < k) <P(Bypqr = 0) < —55L
Mmk+1
From this (74) follows then from (72). |

Theorem 4 is then a consequence of the following two limit results.

Lemma 14. The height of random DSTs satisfies
lim P(H, <kg+1)=1 and lim P(H, < kg —1)=0.
n—o0 n—o0

Proof. We first consider the expected value of the external profile around the level kg and define

1 1
ke =kg +1{= Llogzn + /2log, n — Elogz log, n + ﬁJ +4 £ eZ).
0g

Since 27%¢n — 0, we apply Proposition 1 for the asymptotics of F(2~%¢n) (and its derivatives). Note
that the saddle-point equation in Proposition 1 has the form

p _ 2k
logp nlog?2’

or, with R := log p,

R —1log R +loglog2

v2log, n 110 log, n + ! +0—6
= 23] 5 g, 108, log 2 )

log 2

where 8 = 6, denotes the fractional part of log, n + /2log, n — %logz log, n + 1/1log2. Now, by a
direct bootstrapping argument, we obtain

1 2€+1+ﬁ—29 1
R=.2log,nlog2+1+ €+——0)lo 2+ 2 +O( )
8271708 ( 2 ¢ 2/21og, n logn

Substituting this into the asymptotics of F' (2 %¢n) from Proposition 1, we have

k¢log?2 + log F(2_k‘5n) = —y/2log,n({ —1—0)log2

3loglog, n
- % +O().
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On the other hand, from (71) and the estimates (by Proposition 1)

F'Q k) _ R
Tk O(p) = O(e™)
and .
F'(27%n) n 2R
W—O(P)—O@ )s
we have

ik, = 2 FQRn) (14 O eOVRED))
Consequently, if £ < 0, then

e~/ 2logy n(14+0)log2+0(1)

~ 2ke p(oakey > — 00, 75
/'Ln,kg ( ) (10g2 l’l)3/4 ( )
and if £ > 2, then
f . e~/ 210z, n(1—-0)4+0(1)
~ 2 F(2 %) < — 0. 76
Now, by Lemma 13, we show that
ZZ_KM,,JQH — 0, and M ky = OO, (77)

£>1

which will then prove the lemma.

Observe that the second limit of (77) follows directly from (75). We prove the first claim of (77),
beginning with the inequality log(2X log(2X)) > log2 + log(X log X) for X > 2, which in turn
implies that

log(2X log(2X))? > log(X log X)? + 2(log 2) log(X log X), (X =22).

Thus, it follows from (6) that, for small x (with X = 1/(x log?2)),
F(x) ) xF(x)
F(x/2)=0 =0 .
(/2 (XlogX (log(%)

2—k
c,—— "
log(Zk/n)

for some constant C > 0. From this, we have (for n sufficiently large)

Hence, if 27kp 0, then

Mn,k+1 < Mn,k > (78)

/’Ln,kg < /’Ln,kz, (Z 2 2)7

and thus

—L
22 /’Ln,k4+1 < /’Ln,kz - 0
>1

This proves (77) and the lemma. 1
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Remark 5. Observe that the only missing case in (75) and (76) is £ = 1 for which we have

0.4/2log, n log24+0O(1)

(log, ”)3/4

fng, ~ 2 PRy = &

Thus, in this case, we have u, x, — oo if
6> 3log, log, n (1+ o ),
4,/2log, n log, log, n
where wy, is any sequence tending to infinity, and i, g, — 0 if
0 < 3log, log, n (1_ Wn )’
4,/2log, n log, log, n

where w, is as above. Finally, 1, x, remains bounded if

9_310g210g2n(1i 0Q) )

T 4 /2logyn \  logylogyn

Thus we see that in almost all cases [ty , — o0 and y k, +1 — 0, meaning that the height is in almost
all cases asymptotic to kg + 1; see also [20] where this was observed.

6.2 Saturation Level

Recall that the saturation level S, of a binary tree with # internal nodes is defined as the maximal level
with I, j = 2k that is, up to level S, the binary tree is complete.
Define kg as follows:
ks = [log, n —log, logn]

which is at the lower boundary of the central range (13).

Theorem 8. The distribution of Sy, is asymptotically concentrated on the two points ks — 1 and kg:
PSSy =ks—1orS, =ks) —1, (n — o0).

The proof of Theorem 8 is very similar to that of Theorem 4. The basic observation is that S, < k
if and only if )y By ¢ > 0. In particular, if B, > 0 then S, < k. Hence, as above, a direct
application of the first and second moment method implies that

2
o
1- Z/’Ln,é <P(Sy 2 k) < Z’k-
t<k F ke

By using similar arguments as above, Theorem 8 then follows from the limit results:

lim P(Sy >ks—1)=1 and lim P(S, > ks +1) = 0.
n—>o0 n—>oo

The only difference is that we now use the asymptotic expansion, for 27%n - oo,
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Appendix: Proof of Proposition 1

We give a detailed proof of Proposition 1, which for convenience is re-stated here.
Proposition 1. For each integer m = 0, the mth derivative of F satisfies

1y 1
prtter o (logp)?
V2mlog, p 2log?2

as |z| — 0 in the sector | arg(z)| < &, where P(u) is given in (7) and p solves the equation

Fm(z) =

— P(log, p>) (1+0(l0gp™)).

p 1
logp zlog2’

satisfying |p| — oo as |z| — 0.

Proof. Recall that

O(s) := l_[(l—2_js) and Qp := l_[ (1-277) = o)

= —.
Jj=1 1<j<n Q@)

Also

(-2~ ;.
F(z):= E _ .
(Z) >0 Qj Qoo ¢

Since the Laplace transform -Z[F(z); s] of F is given by

1 1
z[F(z>,s1=11:!)1 s "oz @>-D

=

we have the Laplace inversion formula

14ioco zs

Fo) = —— ‘

- ds,
210 J1—ico Q(—25)

(79)

(80)

(81)

which is valid for z = r where r > 0 is real. We are interested in the asymptotics of F(r) as r — 0,
which is reflected by the large-s asymptotics of Z[F(z);s]. Our approach relies on the Mellin trans-
form techniques and the saddle-point method; see the survey paper [13] for more background tools and
applications on Mellin transform. In particular, taking logarithm on both sides of (80) (assuming that

1 + 2775 # 0), we begin with the Mellin integral representation

_ 1. —
1 5 tioo T sW
e — dw,

log O(=2s) = Zlog(l +2775) =

= 271 J-loico (1 —-2")wsinTw

because the Mellin transform of log(1 + s) equals

/Oosw—l log(1 + s)ds = M(w) € (—1,0)).
0

wsinTw’

Note that if w = u + iv and s = |s|e’® with u, v, b real and |b| < 7 — ¢, then
5w |s| e IvIGr=IbD)
=0 ,
(1—2“’)wsinnw‘ [1—2%||w|
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provided that |w| stays away from the zeros of the denominator. Thus by standard arguments, we deduce

that (with g := ﬁgz)

log Q(—2s) = B(log s)2 + 10% + P(log, s) + J(s), (82)

when |arg(s)| < m — ¢, where the periodic function P(u) has the Fourier series representation

2 .
Py = 982, T cos(2jmu) 83)

- . - 2
127 6log2 £ ginn 2

which also defines an analytic function as long as |J(u)| < 7w — €; see Figure 5. Here the remainder
J(s) satisfies

17 _
5 +ioo TsWw

J(s) = !
S) = ——
271 J1ico (1 =2%)wsinww

I
1 5 tioco T sW

= i 1 ico (1—-2"")ywsinmw

1 —%+ioo T (zs)w

271 J-1 ico (1 =-2")wsinTw

= —log Q (—%) .

We thus have the identity:

2.4309004858786 8.x 10 ::
2.4309004858784 6.x10° "
2.4309004858782 4.x107"
2.4309004858780 2.x10° "
2.4309004858778 0

2.4309004858776 13 0. 04 0.6 8 1
-2.x10 u
2.4309004858774 13
-4.x10
2.4309004858772
-13
! T T T T ' -6.x% 10
0 02 04 06 038 1 "
u -8.x10

Figure 5: P(u) in the unit interval (left) and the fluctuating part of P (1) (right).

\/E eﬂ(]og 5)2+P(log, 5)
0(-2s) = : ,
0(-5)
or

s 2 1

I B(log s)=+ P(logy s)
[T(1+57)=vse g | Sl
Jj=0 j=1 27

which indeed holds, by analytic continuation, as long as s € C\ (—o0, 0]. In particular, for large |s| with
larg(s)| < 7 — ¢,
J(s) b Ly ! + O(Is| %)
H=—F+———+— s177).
s 652 21s3  60s*

It follows, by substituting the asymptotic approximation (31), that

_ b —1 rs—B(logs)2—P(log, 5) -1
Fo= o [T (1+0(s17)) ds.
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Now, the asympotitcs of F(r) as r — 0 is obtained by a standard application of the saddle-point
method. Therefore, we move the line of integration to N (s) = p, where p > 0 solves the saddle-point
equation

logp r
p 28
Note that this does not change the value of the integral which is either clear from the domain of the
Laplace transform of f(z) or can also be seen directly since the integrand over the horizontal line
segments of distance 7" 3> 1 from the positive real axis (and contained in a cone with | arg(s)| < 7 —¢)
is bounded above by

T3 " R(s)—Blog T)? ’
implying that the integral along such lines is of order
T2 exp(—Bllog 7)),

which decays to 0 as T tends to infinity. Thus, (with s — p(1 + i?))

F(r) =

p%epr 00 eiptr—ﬁ(IOg(P(l+it)))2—P(10gz(P(1+it))) o 1
14+ 0 ——F .
2 /_oo NI ( (p|1+ll|)>

By a direct iterative argument, we obtain, with R := 2r_ﬂ

2

loglog R (loglog R)?* — 2loglog R loglog R|?
p:R(logR+loglogR—|— 08 08 _(Ogog ) 0glog +0(|0gog |))

log R 2(log R)? |log R|?

Then we split the integral into two parts:

pZel” elptr—Bllog(p(1+i1)))>=P(log; (p(1+i1)) 1 )
F(r) = (/ +/ ) (14 0(=1)) dr.
2 \Jii<ee - it NIEST, oll + it

where 79 = (log ,0)_%. Since

R((log(p(1 + i1)))*) = (log p)* + (log p) log(1 + 1?) + 3 log(1 + 1*)* — arctan(r)*

is a monotonic function of || for fixed p, we have

dr

/ eiptr—Plog(p(1+i1)))>—P(logs (p(1+i1)))
[t]>tg A/ 1 + it

_ o[ o-Ba0en? [ Ty deBwlegpt vt g,
log(1+13)

_0 (e—ﬂaogp)z—s(log ,,)g) ,

for some € > 0. Now by the local expansions
iptr — B(log(p(1 + i1)))?
= —B(log p)* — Blog p — 1)i* + }(2log p — 3)i 1> + O(1* log p),
and

/
o~ Pogs(p(1+i1)) _ ,—P(log; p) (1 P ilogé p) i+ 0(|f|2)) ’
og
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for |t] < ty, we deduce that the integral with |z| < 7 is asymptotic to

F(r) =

piepr/ eiptr—ﬂ(IOg(p(l+it)))2—P(10gz(p(1+it)))( 1
— 1+0(o )
21 Jirj<to [+it pll +it

1 2
2 o7 —B(log p)*—P(log; p)
_P (1 —I—(’)((logp)_l)).

2,/nBlogp

Similarly, we also have

+3 ,pr—B(log p)>—P(log, p)
lm) (y = P T TE TR

WA (1 —I—O(mz(logp)_l)),

uniformly as » — 0 and m = o(/log p).

3J(z)

! R(z)

Figure 6: The contour of integration in the integral representation of F(z) when z is complex.

We now look at the situation when z = re’? with 6 # 0 and |f| < e. Here, (81) is no longer valid
since the integral diverges. However, by the same idea of the Hankel contour used for extending the
Gamma function, we can deform the original integration line into the following one:

Co={z=1-i+e Gy u>0}

U{z=1+iu:—1<u<1}U{Z=1+i+ei(%+¢)u:u}O},

where ¢ < ¢; see Figure 6. Then, we use (31) and make the substitution

F(Z) = 2L S—%ereiﬁs—ﬂ(logS)Z_P(logzS) (1 + O(|S|_1)) ds
Ty Je
—1i6 .
= / s~ ers—Blogs=i6)>—P(logzse™*) (14 0(s17h)) as
27‘[i eiec s

where ¢!9C denotes the image of C under the mapping s > e’ 95. Note that the solution to the saddle-

point equation ‘
logp(z)  z et?

p(z) 28 R
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where R := ==, satisfies asymptotically for small r

p(z) = Re_ie(logR + loglog R —i6 +

loglog R —i6 Lo | log log R|? .
log R |log R|?

In particular (p = p(|z])),

. . Y 2
(2) =,0e_10 (1 if n (loglog R —1)if +O(|loglogR| )) 84)

~ log R (log R)? | log R|?

Since |0| < &, we now deform the integration contour again into the vertical line :i(s) = p (which again
does not change the value of the integral as can be seen by a similar argument as above) and proceed as
before:

o—Li6
F(z) = i ﬁ:p-(l—{—it) T ﬁ=p-(l+it)

t1<to lt]>10
3 " $—Bogs—if)?—P(logy s—if) (1 4 (’)(|s|_1)) ds. (85)
By the local expansion

rpit — B(log(p- (1 +i1)) —i0)® = —p(logp —i0)* —2p0t — B(logp — 1 — i 6)1?

+ §(2 logp—3—2i0)it® + O((log ,0)t4),

and the relations (¢ € R, b > 0)

(]

1 [ i

m—2¢
i —at—bt?

mla
e

_ e Z
21 oo Coom+l /o 0l(m — 20)\bm=1

o<L<gm]

(m=0,1,...),

we deduce that the first integral on the RHS of (85) is asymptotic to

) » . 252
3o i0=P (10820071 +ro—fllox p=i0)~ [

2/nB(logp—1—1i6)
p%e—%ie—P(1og2(pe—"9))+rp—ﬂ(logp—i9)2

(1 + (’)((log p)_l))

—1
Weary (1+(’)((10gp) )).

By (84), the right-hand side is asymptotic to

p(z2)2 e~ Plog2 p(2))+20(2)=Bllog p(2))?
2/nplogp(z)

It remains to prove the smallness of the other integral in (85), which is bounded above by

(1 + 0(|1ogp(z)|—1)).

g3 p"s—Blogs—if)*—P(logy(se™*?)) 4
s=p-(1+it)
lt1>t0

i1

0

41



The factor (6 — arctan(¢))? being bounded for ¢ in the range of integration, we obtain
Lo [ 2\—1 —Bllogp+1 log(1+12))2 L rp—Blog(p)?—e(log p) 3
O\ pze" (1 4 ¢7) 4~ PlogpT 08 dt | = O pze"P~Plosip)—elogp ,
to
which, by (84), is majorized by

O (I,o(z) | 3 oM (20(2)—Blog(p(2))*)—e| log p(2)| % ) '

We thus obtain the approximation

1 2
p(2)} e70(@)—Bliog ()2~ Plog; p(2)) ~
F(z) = (1+0(logp=)1™)).
2/ mplog p(z)

uniformly as |z| — 0 in the sector | arg(z)| < &. The proof for the mth derivative of F(z) is similar as
above. 1

42



	Introduction and Results
	Expected Values of the External Profile
	Exact Expressions
	Asymptotics of _n,k
	Asymptotics of F(z)

	The Variance of the External Profile
	Exact Expressions
	Asymptotics of Var(B_n,k)
	Asymptotics of G(z)

	Asymptotic Normality of B_n,k
	Internal Profile
	Applications
	Height
	Saturation Level


