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Abstract

Forcing numbers and anti-forcing numbers were introduced in connection with chemical
compound structures. The forcing number of a perfect matching M on a graph G is the smallest
cardinality of a subset of M contained in a unique perfect matching on G, and the anti-forcing
number of a perfect matching M on G is the smallest number of edges of G whose deletion
results in a subgraph with a unique perfect matching M . We study in this paper the distribution
of such numbers in random perfect matchings on hexagonal chains and hexagonal crowns.
Recurrence relations and precise normal approximations are derived for their distributions.
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1 Introduction

Given a set of objects in a combinatorial structure, what is the minimum set of substructures to
identify an object in this set? Here typical objects include critical sets of Latin squares, block
designs, graph colorings, graph orientations, and dominating sets of graphs; see the survey paper
[5]. In this paper, we are concerned with the minimum number of edges to identify a perfect
matching.

All graphs in this paper are connected and simple. Given a perfect matching M of a graph G,
a forcing set of M is a subset of M contained in no other perfect matchings on G. The forcing
number of the perfect matching M, is the cardinality of a forcing set of M with the smallest size.

*Corresponding author.



The forcing number of the graph G is the minimum forcing numbers among all perfect matchings
onG.

The concept of forcing number of a perfect matching was first introduced by Harary et al. [8].
The same idea appeared in an earlier chemical paper [11, 15] as innate degree of freedom of a
Kekulé structure (equivalent to perfect matching), which plays an important role in the resonance
theory in chemistry. Over the past twenty years, the study on forcing sets and forcing numbers has
attracted much attention in the mathematical chemistry literature. For more details, we refer the
reader to the recent survey paper [3].

Recently, Vukiéevi¢ and Trinajsti¢ [18] introduced the anti-forcing number, which is opposite
to the forcing number. The anti-forcing number of a graph G is the cardinality of a subset S of the
edge set with the smallest size such that G — S has only one perfect matching. An explicit formula
for anti-forcing number of unbranched cata-condensed benzenoids was then derived in [19]. Deng
[4] gave an algorithm to compute the anti-forcing number of hexagonal chains, and determined
the anti-forcing number of double hexagonal chains, as well as characterizing the extremal graphs.
Zhang et al. [20] defined the concept of forcing polynomial and gave the recurrence relations for
forcing polynomials of hexagonal chains.

Similar to the forcing number of a perfect matching, the anti-forcing number of a perfect match-
ing can be naturally defined (see [12]): the anti-forcing number of a perfect matching M of G is
the smallest number of edges of G whose deletion results in a subgraph with the unique perfect
matching M .

Hexagonal chains and hexagonal crowns are significant in organic chemistry; for example, they
appear in the molecular graphs of some benzenoid hydrocarbons. In this paper, we examine the
distribution of forcing numbers and anti-forcing numbers of random perfect matchings on hexago-
nal chains and hexagonal crowns, where all possible perfect matchings are assumed to be equally
likely. In particular, these numbers behave for large n (the number of hexagons) very close to a nor-
mal distribution with linear mean and linear variance. More precisely, random perfect matchings
have on average

E(forcing #) = % n+vy+ 0(ne™"),

E(anti-forcing #) = (1 — \Lfs) n+vy + O (ne™),

the error terms being exponentially small, where ¢ := HT‘B ~ 1.618 denote the golden ratio and
hexagonal systems || vy | vy |
zig-zag chains 9{50_ 17 6_25‘5

Crowns 0 0

Only the expected forcing number was previously known; see [20]. These average values are to be
compared with the corresponding extremal values.

hexagonal systems min &'max of min. & m.a x of
forcing # anti-forcing #
zig-zag chains (%] . fg—‘ fﬂ N
neven: 2.. [ %] neven: 2..n
crowns n odd: |_§-| . |_§_| n odd: |_§—‘ .
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While the minimum (maximum) of the forcing and anti-forcing numbers may be as small (large)
as two (n) in the case of hexagonal crowns, the average values ~ 0.447n and ~ 0.553n provide
a better description of the typical behavior of these numbers in a random perfect matching. Finer
properties such as the variance and convergence rate to the limit law will also be established; see
Sections 3 and 4.

This paper is structured as follows. We characterize in the next section the anti-forcing polyno-
mials of hexagonal chains by a general recurrence relation; the corresponding relation for forcing
polynomials was already derived in [20]. Then in Section 3 we study the asymptotic distribution of
both forcing and anti-forcing numbers of random perfect matchings on zig-zag hexagonal chains.
The same study was carried out in Section 4 for hexagonal crowns. Some detailed enumerations
related to hexagonal crowns are collected in Appendix.

2 Anti-forcing polynomials of hexagonal chains

We derive in this section a recurrence relation for computing the anti-forcing polynomials of hexag-
onal chains.

2.1 Preliminaries

Some definitions and useful lemmas are collected here for convenience of reference.

Definition 2.1. Let G be a graph with a perfect matching, a forcing set S of a perfect matching M
is a subset of M contained in no other perfect matchings on G. The forcing number of the perfect
matching M, denoted by [ (G, M), is the smallest cardinality among all forcing sets of M .

Let P(G) denote the set of all perfect matchings on graph G. Given M € P(G), a cycle C of
G is called an M -alternating cycle if the edges of C appear alternately in M and E(G) \ M. The
following lemma provides a useful criterion for forcing set.

Lemma 2.2 ([1, 16]). Let M be a perfect matching on a graph G. Then a subset E C M is a
forcing set of M if and only if each M -alternating cycle of G contains at least one edge of E.

Definition 2.3. Let G be a graph with a perfect matching. A set S of edges of G is called an
anti-forcing set of a perfect matching M if G — S has a unique perfect matching, which is M. The
anti-forcing number of the perfect matching M, denoted by g(G, M), is the smallest cardinality of
anti-forcing sets of M.

A collection of M -alternating cycles A of G is called a compatible M -alternating set if any
two members of A either are disjoint or intersect only at edges in M .

Lemma 2.4 ([12]). A set S € E(G) \ M is an anti-forcing set of G if and only if S contains at
least one edge of every M -alternating cycle of G.

An immediate consequence of Lemma 2.4 is the following, which will be frequently used below.

Corollary 2.5. Let ¢'(M') denote the maximum cardinality of compatible M -alternating sets of G.
Then g(G, M) > ¢'(M).



Figure 1: A hexagonal chain G with S(G) = (2,0,0, 1,1, 2).

Moreover, in the special case of planar bipartite graphs, the inequality becomes an identity.

Corollary 2.6 ([12]). Let G be a planar bipartite graph with a perfect matching M. Then g(G, M) =
c'(M).

We define the forcing polynomial and anti-forcing polynomial of G respectively as

f(G,t) = Z  FGM) 2(G, 1) := Z 18(G. M)

MeP(G) MeP(G)

2.2 Two types of perfect matchings

A hexagonal system (also called benzenoid system) is a finite 2-connected plane graph in which
each interior face is a unit hexagon. A hexagonal system is called cata-condensed if it has no inte-
rior vertices. A hexagonal chain then is a cata-condensed hexagonal system in which no hexagon
has more than two neighboring hexagons, i.e. its inner dual is a path.

Let G be a hexagons chain of length n. Then for n > 2, G has exactly 2 terminal hexagons
and n — 2 hexagons each with two neighboring hexagons, and each non-terminal hexagon H has
exactly two vertices not shared with any other hexagon.

With each hexagonal chain G with n (n > 2) hexagons, we can associate a {0, 1, 2}-sequence
S(G) := (ay,as,...,a,—,) as follows. Fori = 1,2,...,n — 2, let a; be the number of vertices
on the (i + 1)st hexagon with degree 2 that lie on the left-hand side when going from the (i + 1)st
hexagon to the (i + 2)nd hexagon; see Figure 1 for an illustration. If S(G) is an empty sequence,
then G has exactly 2 hexagons.

A hexagonal chain is called linear if the corresponding sequence is S(G) = (1,1,...,1).
On the other hand, if S(G) is an alternating sequence of {0, 2}, then the hexagonal chain is
called zig-zag. For example, the molecular graph of anthracene is a linear hexagonal chain with
three hexagons (see Figure 2), while that of phenanthrene is a zig-zag hexagonal chain with three
hexagons (see Figure 2).

We distinguish between two types of perfect matchings on a hexagonal chain G: if the two
edges on the rightmost hexagon that are adjacent to the common edge of the last two hexagons
are both in M, then M is called Type A perfect matching, otherwise, M is called Type B perfect
matching; see Figure 2 for three examples. Let P4(G) and Pg(G) denote the sets of Type 4 and
Type B perfect matchings on G, respectively. We have P(G) = P4(G) U Pp(G).
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Figure 2: Perfect matchings drawn with bold lines are of Type A, Type B and Type B, respectively.

2.3 Bijections

Let G, denote the single hexagon, and G, denote the hexagon chain of length two. For 3 <7 < n,
let G; be the sub-chain of G with S(G;) = (ay,as,...,a;—2).

The number of perfect matchings on G is given by the following recurrence relation due to
Gordon and Davison [7]

2|P(Gk—1)| - |P(Gk—2)|’ ifax_, =1,

|P(Gy)| = |
|P(Gi)| + |P(Gra)l,  ifars=0o0r2,

for k > 3, with the initial conditions
|P(Gy)| =2, and |P(Gy)| =3.

From this it follows that the number of perfect matchings on a linear hexagonal chain with n
hexagons is # + 1, and that the number of perfect matchings on a zig-zag hexagonal chain with n
hexagons is the the (n + 2)nd Fibonacci number.

For k > 2, denote the common edge of the (k — 1)th and kth hexagons of G by ek, and along
the clockwise direction the remaining edges of the kth hexagon are denoted by fx, g, . tx., vk, Wk.
Notice that ey 4 represents the same edge as g, , ux or vg according as ax— is 0, 1 or 2. See the
first graph of Figure 2 for an example of these notations.

The following three lemmas are immediate from the fact that a perfect matching M € P(Gy)
is of Type A if and only if { fx, ux, wr} € M, and is of Type B if and only if {g,, v} S M.

Lemma 2.7. For each k € {1,2,...,n — 1}, there is a bijection tx : P(Gx) — Pp(Gk+1) given
by

w(M) = M U{g) s Vkt1}-
Lemma 2.8. Foreachk € {2,3,...,n— 1}, ifax—1 = 1, then there is a bijection wy : P4(Gy) —

P4(Gk+1) given by
wr(M) = (M —{exi1}) UL feris Ukg1, W)

Lemma 2.9. For each k € {2,3,...,n — 1}, if ax—; = 0 or 2, then there is a bijection Ay :
Pp(Gk) — P4(Ggy1) given by

AM(M) = (M —{ex+1}) U frt1s Ukt1, Wet1)-

See Figure 3 for examples of these bijections.
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Figure 3: Examples for the bijections 13, ws and Ag.

2.4 Anti-forcing polynomials

The following two lemmas show how these bijections change the anti-forcing number of perfect
matchings.

Lemma 2.10. If ax—y = 1, then the anti-forcing numbers can be computed as follows.
1. Given M € P4(Gy), g(Gr+1, k(M) = g(Gy, M) + 1;
2. given M € Pp(Gy), g(Gr+1, (M) = g(Gk, M));
3. given M € P4(Gy), g(Gr+1, 0 (M)) = g(Gg, M).

Proof. The proof is elementary but tedious, so we only prove the last part, the proof for the other
two parts being similar.

Let A be a maximum compatible M -alternating set of G. By Corollary 2.6, |A| = g(Gk, M).
Let cx+1 denote the (k 4 1)st hexagon of G4 1, i.e. the hexagon with the edge set

{ek+1, fk+1,gk+1,uk+1, V41, Wk+1}-

There exists exactly one cycle in 4, denoted by ¢, containing the path fig, ...wg. We see that
(A —{c}) U {ck+1} is a compatible wy (M )-alternating set of G 1, so that by Corollary 2.5

2(Gri1, 0 (M) 2 [A] = [(A —{c}) U lck+1}] = g(Gg, M).

On the other hand, the edges { fx+1, Chp1> Uk+15 Vk+1, Wk 41 must appear in exactly one cycle
of any maximum compatible wy (M )-alternating set B of G 1, denoted by ¢’. There are two cases.



o If ¢/ = cg41, then the edge ux (= ex+1) is not contained in any other cycle of B; for
otherwise, uy is a common edge of two cycles but uy € wi (M), and this will cause a contra-
diction. Thus none of the { f. g,. vk, wx } is contained in the cycle of B. As a consequence,
ex 1s contained in no cycle of B since that the two edges in ¢,—; adjacent to ex are notin M .
Then (B — {c¢'}) U {cx} is a compatible M -alternating set of G, and

g(Grt1, 0k (M)) = |B| = [(B —{ck+1}) U {ck}| < g(Gk, M).
o If ¢’ # cx41,then x4 € E(¢'). Accordingly,

(B —A{c"}) UL = {fhr1s 8rqr» k1> Vi1, Wet1)) U {exs1})
is a compatible M -alternating set of G, and g(Gg1, wx(M)) < g(Gi, M).
It follows that g(Gg+1, wx (M)) = g(Gy, M), which proved part 3 of the lemma. |
In a similar manner, we have the following lemma.
Lemma 2.11. If ax—y = 0 or 2, then the anti-forcing numbers can be computed as follows.
1. Given M € P4(Gy), g(Gry1, (M) = g(Gk, M);
2. given M € Pp(Gyg), g(Gi+1, (M) = g(Gi, M) + 1;
3. given M € Pp(Gy), g(Grrr. (M) = g(Gror, 7, (M) + 1.

We will compute anti-forcing polynomials according to the types of perfect matchings

g(G,1) = g4 (G, 1) + gp(G.1),

where

g4(G.1) 1= Z 8@ and gp(G,1) = Z 18(@M)
MeP4(G) MePg(G)

Lemma 2.12. Ifay_; = 1, then

24(Gry1,0) = g,4(Gy, 1),

gB(Gk+15t) = tgA(Gk’t) + gB(Gk’t)
If ap—1 = 0 or 2, then

84(Gryr.t) = 18(Gr—1,1),

gB(Gk+1’t) = gA(Gk’t) + th(Gk’t)

Proof. If ax—y = 1, by Lemmas 2.7-2.10, we have

—1
g4(Gre,) = Y 5O M) = g (G ),
MeP4(Gr+1)



and

25(Grp1,t) = Z 8 Gie+1.M) Z 18 (Gre+1.M)
MePg(Gi41) MePg(Gr41)
7 H(M)eP4(Gy) 7. L(M)ePp(Gy)

The case when ax—; = 0 or 2 is similar by using Lemmas 2.7-2.9 and 2.11. ]

Given two hexagonal chains G and G, if the two sequences S(G) and S(G’) have identical
positions in their occurrences of 1’s, then g(G,t) = g(G’,t) by Lemma 2.12. We may thus
assume that S(G) is a {1, 2}-sequence in the rest of this section.

Given a {1, 2}-sequence S(G) of length n, let k be the number of 2’s, r; be the number of
1’s before the first occurrence of 2 (r; = n if k = 0), rp4 be the number of 1’s after the last
occurrence of 2, and r; be the number of 1’s between the (j — 1)st and the jth occurrence of 2 for
2<j <k

r ry 4% Fie41
—— N — N — N —
SG)=@1,---,1,2,1,---,1,2,---,2,1,--- ,1,2,1,--- , 1) (Fiy. e Tesr = 0).
Then we have r; > 0 and Zl<j<k ri =n—k,ie. (r,...,rr)is a weak (k 4+ 1)-composition
of n — k!. It is easy to recover S(G) from (ry, ..., rr+1). Actually, this gives a classical bijection

between {1, 2}-sequences and weak compositions; see [17]. For convenience, define

f(ri,r,...,reqq) = f(G,t), and g(ri,ra,....1641) ;= g(G,1).

The two polynomials g ,(r,...,7k+1) and gg(r1, ..., k1) are defined similarly. Now we derive
a recurrence relation to compute the anti-forcing polynomials of hexagonal chains.

Theorem 2.13. Let g(ry,...,rx,—1) = g(ry,...,rx) fork > 1, and g(—1) = g(Gy,t). Then for
k>2

gri,....1kq1) =tg(ry,...,1) + (t + rk+112)g(r1, oIk —1)

(D
+(t—tH)g(ry, ... . re—1 — 1),

with the initial conditions g(ri) = 2t + (r; + D2, and g(ry,r2) =t + 31> + (2r; + 2r, + D13 +
r1r214.
The corresponding recurrence relation for forcing polynomials was derived in [20].

Theorem 2.14 ([20]). Let f(ry,...,1x,—1) = f(r1,...,1rx) for k > 1. The forcing polynomial of
a hexagonal chain G satisfies the following recurrence relation

S, oo k1) = Tk F 20 (riyra, oot = 1) + 2 f (12, oo 1k — 1),

with the initial conditions f(r1) = (r1 + 3)t and f(ri,r2) =t + (r1 + 2)(r2 + 2)¢%.

'A weak (integer) composition of  is an ordered sequence (ji,.. ., Jix) with j; > O such that j; + -+ + jir = n.



Q/\D m
Figure 4: The perfect matchings are drawn with bond lines; the edges marked by “x” form their

smallest anti-forcing sets such that (from top to bottom) g(—1) = 2t, g(0) = 2t + t%, g(1) =
2t +2t?> and g(0,0) =t + 3¢t> 4 1.
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When ¢ = 1, the values of f and g must coincide. This can be checked by induction although
the two recurrences are different.

Proof. (of Theorem 2.13) The proof for small values of r; and r; is straightforward; see Figure 4.
If Kk = 0andr; > 1, then, by Lemma 2.12,

g4(r) = gyri—1)=--=g,0) =1,
and
gp(r) =tg (=1 +gpri—1) ="+ gglri—1) = =1+ (r + D’
Thus
g(r1) = g4(r1) + gp(r1) =21 + (r + 1%,
When k£ > 1, we have

galri, .o rkr) = g4, — ) = =g (r1, ..., 7%, 0)
20% + rt?, ifk =1,
=tg(ry,....,rp—1) = : , (2)
tg(ry,....re— 1), ifk > 1,
and
g(ris....re,0) =g (ri,....r) +tgg(ri, ..., 1)
=1 —-0)g (ri,....re) +1g(ry, ..., 1x)
e+ + D, ifk =1,
e =Dg(r, . e = 1)+ tg(ry, .. ), ifk > 1.
Ifresr 21
ge(ris... tky1) =tg(ris o k1 — 1)+ gg(r, oo Fkg1 — 1)
=tzg(rl,...,rk—1)+gB(r1,...,rk+1—1)
:---=rk+1t2g(r1,...,rk—1)—|—gB(r1,...,rk,0). 3)

It is easily checked that these relations also hold when r;+; = 0. If kK = 1, then
g(ri,r2) = g4(r1,r2) + gp(r1,r2)
= 21> + 1182 +1at*g(ry — 1) + g(r1,0)
=1 4312+ Q2ry + 21 + D} + ryrat*.
If £ > 2, the recurrence relation (1) follows from (2) and (3). |
Example 2.15. Let G be a hexagonal chain with 6 hexagons and S(G) = (2,1,0,1). Since
g(G,t) = g(G',t), where S(G") = (2,1,2,1), we can apply Theorem 2.13 with k = 2, r; = 0,
r, = 1, and r3 = 1, and obtain
g(G,1) = g(0,1,1) = 1g(0,1) + (r +1*)2(0,0) + (r — £*)g(=1)
=42+ 50 + 7t + 12,
Example 2.16. For a linear hexagonal chain G,, we have, by Theorems 2.13 and 2.14,
{f(Gn,z> = (n+ 1y,
g(Gy, t) =2t + (n— )12,
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3 Forcing and anti-forcing polynomials of zig-zag hexagonal
chains

Forcing and anti-forcing polynomials are useful in describing deeper properties of the perfect
matchings such as the innate degree of freedom of a Kekulé structure; see [11]. We study in
this section the distribution of forcing and anti-forcing numbers of random perfect matchings on
zig-zag hexagonal chains of length n, which, for simplicity, is denoted by Z,.

The forcing polynomial of a zig-zag chain Z, satisfies (see [20])

2t, ifn =1,

3t ifn=2

g,t — ) )
S (2 1) t+ 412, ifn =3,

2tf (Zn—2,1) + 1f(Zn—3,1), ifn =>4,

For convenience, we may assume that f(Zy,¢) = 1. Let f(z,1) := ), f(Zy,1)z". Then the
above recurrence leads to the rational form

1+ 2tz + 1z
f(Z,t)=1

—2tz2 — 23"

“4)

The total number of perfect matchings on zig-zag hexagonal chains of length n is given by the
(shifted) Fibonacci number?

1
o= G = = (54 5 V8) 0"+ (3= 5 V5) oy

where ¢ = 1+T‘E ~ 1.618 is the golden ratio.

The corresponding anti-forcing polynomial can be computed by substituting ry = r, = -+ =
fn+1 = 0in Theorem 2.13. Let g(%,¢) = 1. The anti-forcing polynomial of a zig-zag chain %,
satisfies

2t ifn =1,
g(Zy, 1) = 2t + 12 ifn=2, (5)
tg(Zn-1,t) +18(Zn,t) + (t = 1*)g(Zy-3,1) ifn > 3.

Let g(z,1) := )_,-0 &(Zn, 1)z". From the recurrence relation (5), it follows that

141z + (t —1?)z?
—tz—1z2— (1 —12)z3

g(z,t) = 1 (6)

Note that f(z,1) = g(z,1).

Assume now that all F,, perfect matchings on zig-zag hexagonal chains of length n are equally
likely. Let X, and Y, denote the forcing number and anti-forcing numbers, respectively, of a
random perfect matching. Then the probability generating function of X, and that of Y,, satisfy

e o [Ee0)
ey M RO = e

>The symbol [z"] f(z) represents the coefficient of z” in the Taylor expansion of f.

E(r %) (n > 0).
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These are polynomials of 7 of degree [g—‘ and n, respectively. More precisely, by expanding the
two rational forms (4) and (6), we obtain the following closed-form expressions for the coefficients
of the polynomials.

Theorem 3.1. For n > 3, the number &, of perfect matchings on zig-zag hexagonal chains of
length n with forcing number k is given by

k12311 42 — k)

— [Nk —
Sk = D = G i Tk

for |_§_| < k < |_§-‘ and the number 0, of perfect matchings on zig-zag hexagonal chains of
length n with anti-forcing number k is given by

- - j+1 n—2j
nn’k_[zt]g(z,l)—]lnodd‘]lk=%+ Z (n+1—k—j)(n—k—j)’
[%]gjgmin{k,n—k}
for |_§-| <k<n.

Here we use the symbol 1, to denote the indicator function of the event ..
It was proved in [20] that

1
E(X,) ~ —n.
NE
We will derive finer distributional results below. Let ®(x) := «/#27 f_xoo e~*/2dy denote the stan-

dard normal distribution function.

Theorem 3.2. The distributions of the forcing and anti-forcing numbers of random perfect match-
ings on zig-zag hexagonal chains are asymptotically normal: W € {X,Y}

(i ~0(2).

with linear mean and linear variance

sup
X€ER

< x) — ®(x)

E(W,) = upgn + vy + O (ng™),

2 n (7
VWu) =opn+cy + O (ng™"),

the error terms being exponentially small. All the constants are given in the following table.

Hx s Vx Hy IVY
1 9v/5-17 1 6—2+5
W 0.447 =~ 0.313 1 N 0.553 ==~ 0.306
Ox Sx Oy Sy
11 ~ 207-92+/5 244/5 ~ 234/5-53
1= V5~ 0.127 | 20159255 1 0,051 | (/2445 —2 & 0.383 | 2353 & 0,063

Proof. Since both f(z,t) and g(z, t) are of rational form, the proof follows from standard Quasi-
Power arguments; see [2, 10] or [6, §IX.6]. The idea is as follows. Let ¢t # 0 and p; (¢) denote the

three zeros of the denominator 1 —27z2 —z3 of f(z,t), j = 1,2, 3. Explicit expressions for p;(?)

12



Figure 5: Distribution of the three zeros of the denominator of f(z,t) (left) and g(z,t) (right):
plotted are the curves ,oj(rem) for - < O < wandr = 0.5,0.7,09,1,1.1 (left) and r =
0.4,0.6,0.8, 1, 1.5 (right). The red curves correspond tor = 1.

are available by classical means but they are messy. We are mainly interested in the behaviors of

p; () when ¢ lies in a neighborhood of unity. In particular, when ¢ = 1, the three zeros are ¢!, —¢

and —1. Assume p,(1) = ¢~'. When ¢ varies in a neighborhood of unity, the zero P; (1), as a
function of 7, varies smoothly near p;(1); see Figure 5.
We then deduce, by direct partial fraction decomposition, the identity

"1/ (z.0) = REE) = Y Ri@)p; ()", (8)

where
1+ 2t/)j(t) + l,oj(t)z

3 —101p;(1)?

This is an identity for all # # 0 and n > 1. In particular, we have the Quasi-Power Approximation

E (%) = exp(a(s)n + B(s)) (1 + O ((p — &)™),

Rj(l) =

where ¢ > 0 and

py(e*) R (e*)

py (1) Ri(1)

The central limit theorem with convergence rate then results from applying the Quasi-Power The-
orem; see [6] or [10]. The first two terms of the approximations (7) are obtained by the Taylor
expansions

a(s) := —log and f(s) := log

2
o
a(s) = pys + %sz + O(Is]),

2
B(s) = vys + 2L 52 + O(lsP).

as s ~ 0, the justification being also part of the Quasi-Power Theorem. The exponential error terms
in (7) are worked out by a direct approach: taking derivatives with respective to ¢, substituting = 1
and then computing the asymptotics of the coefficient of z”; details are straightforward and omitted
here.

The calculations for Y, are similar, but with one significant difference: the three zeros of the
denominator of g(z, ) approach ¢!, —¢ and oo as t — 1; see Figure 5. However, this does not
change the asymptotic behaviors we are looking for. |

13



0.03

0.02

0.014

46 0.50

Figure 6: The histograms of X, and Y, (normalized in the unit interval):
_ Ue=E(Xn))?
P(X, — k) — % (left; see (15)) and P(Y, = k) forn = 10, ..., 100.

Note that there is a simplification for the leading term in the asymptotic approximation of
E(Xn) + E(Ya)
nky + Fy_1 — (_l)n
Fy
=n+¢—1+0(@™").

E(Xy) + E(Y,) =

In addition to the simple zig-zag chain with ry = --- = r, = 0, we can also extend the same
study to more general hexagonal chains withry = ---=rr =7 (r > 1)and 0 < rp4; < 7. We are
then led to a system of algebraic equations, and the same set of tools for asymptotic analysis and
limit distributions can be extended.

4 Forcing and anti-forcing polynomials of hexagonal crowns

In this section, we consider hexagonal crowns %, (n > 3), which are circular versions of spiral
hexagonal chains. More precisely, a hexagonal crown is a planar graph obtained by gluing the first
and the last hexagons of a spiral hexagonal chain G of length n with S(G) = (2,2,...,2) such
that the exterior face is bounded by a 3n-cycle. Two typical examples are shown in Figure 7: the
molecular graphs of corannulene and coronene, which are %5 and %5, respectively.

By similar arguments to those used for hexagonal chains, we can prove that the forcing polyno-
mials f (%, t) of hexagonal crowns satisfy the following relations. For n > 3,

151 if n is odd
(g’[ = t + ’ n ’
f(Gn,t) = ¢n(t) {2t2—Z[2]» if n is even,
where
3. ifn =0,
0. ifn =1,
Z‘ =

2t¢u-2(t) + tPn—3(1), ifn=3.

14



B &5

Corannulene Coronene

Figure 7: Two hexagonal crowns: €5 and 6.

(The initial values are defined for n < 3 solely for technical convenience.) Similarly, the anti-
forcing polynomials g(%,, t) satisfy

0 if n is odd
G ) = V(1) + 1 2 ’

for n > 3, where

3, ifn =0,

t, ifn=1,
(1) = 9
Yun(®) 2t + 12, ifn =2, ©)

an—l([) + an—Z([) + (l - 12)%—3(1), ifn P 3.
The corresponding bivariate generating function f1l(z, 1) := > w3 f(Gn,1)z" now has the form

3—2¢z2 1 -tz N 2¢2
—2tz2 —¢tz3 1 —t¢tz2 1 -—2z2

Y = —2-200 =1z = (3t +2092% (10)

and, similarly, gll(z, 1) := > o3 &(6. 1)2" satisfies

3 -2tz —1tz? 212 2(t —1)
l—tz—tz2—t(1—1t)z3  1—-22  1—1z2

— (1 42t +2t%) —tz — 5t*22,
(11)

gz, 1) =

Alternatively, these two rational forms for fI(z,¢) and gll(z, ) can be proved along a dif-
ferent line by enumerating directly the number of perfect matchings with a given forcing and anti-
forcing numbers.

Theorem 4.1. Forn > 3

[ Gy=n ) (3kk—n)

1<k< (4]

23k—n

L NLIE ) QR PERS I (12)
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and
_ k r n—1-2r l " ) [2]+1) .
g(%n,t)—noq;z ;(n_k_r)( ., )r+z +(Zz 4ol ) 1y oven (13)
SKSh rz

The first few terms of f and g are given as follows.

n S (€, 1) g(6n.1)

3 3t + 12 3t + 13

4 9¢2 6t> +2¢3 4 ¢t*

5 10¢% 4¢3 5t +5¢3 + ¢

6 5t + 1543 5t 4+ 613 + 8t* + ¢°

7 2813 + 14 1413 + 7t* +7t° +t7

8 | 212 + 1613 + 311* | 2¢% + 83 + 20¢* + 107° + 816 + 8

The proofs are somewhat tedious and will be given in Appendix. Of course, Theorem 4.1 can
also be proved by expanding (10) and (11).
The total number of perfect matchings is given by

Ly :=["]/¥(z, 1) = Mgz, 1)
2—z n 2 4 5.2
= —4—z—-52
l—z—2z2 1-—2z2

="+ () "+ 1+ (-1)" (n = 3),

which are related to the Lucas numbers (A068397 in Sloane’s OEIS) and equal F,,+ F,,—2+2-1,; cven-
These numbers also enumerate perfect matchings in the graph C, x P, (C, being the cycle graph
on n vertices and P, being the path graph on two vertices); see OEIS’s A102081.

Assume that all L, perfect matchings on hexagonal crowns of length n are equally likely. Let
X, ,Ec] (Y,,[C]) denote the forcing number (anti-forcing number) of a random perfect matching.

Theorem 4.2. The distributions of the forcing and anti-forcing numbers of random perfect match-
ings on hexagonal crowns are asymptotically normal: W€l e { X1l ylely

with linear mean and linear variance

sup
xX€ER

< x) — ®(x)

E(WE) = uyn + 0 (np™),

! (14)
V(W) = ajyn + 0 (np™),
the constant terms being both zero. The constants |1y, and oy, are the same as in Theorem 3.2.

Note specially that

/G = Y 0 = D 122 e (023,

1<j<3
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Figure 8: The histograms of X,Ec] and Yn[c] (normalized in the unit interval) for n
20, 40, 60, - - - , 600, the histograms in the right figure are normalized by a factor of \/n.

where the p; (¢)’s represent the three zeros of 1 —2¢% —¢z3; cf. (8). The coefficient functions R; ()
in (8) are all identically 1 here. The same relation holds for the decomposition of gl¢l(z, 7). These
imply that the constant terms in (14) are both zero (cf. (7)), reflecting a better “balancing” property
for the forcing and anti-forcing numbers on hexagonal crowns. Numerically, the single term in
each of the equation on the right-hand side of (14) provides a very good approximation for small
and moderate values of n; see the following table for some instances.

n | IEQGD —pen] < | EQD) — pyn| < | VXD —ofn] < [ V(D) —on| <
20 0.00026 0.0011 0.0117 0.0104

30 4.3 x107° 1.5x 10~ 2.6 x 107 2.3x107*

50 5.6 x 10710 1.8 x107° 53x 1078 4.6 x 1078
100 4.5x 10720 1.4 x 107" 8.2x 10718 7.2x 10718
Also

n (1
EX+ YY) =n -

the second-order term on the right-hand side being exponentially small.
The central limit theorems we derived in this paper for forcing and anti-forcing numbers can be
enhanced by the corresponding local limit theorems of the form

e—xz/z
P(W, = - | =0, 15
Sup [P (Wa = Ly + oy /n]) = Zo=en ) = 0 7)) ()

where W e {X, Y, Xl Yt This can be proved in at least two ways: one via the standard Fourier
arguments using the Quasi-power approximations (see [6, §IX.9]), and the other relies directly on
the exact forms (12) and (13) using elementary asymptotic approximations.
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Appendix. Forcing and anti-forcing polynomials of hexagonal
crowns: a direct enumerative proof

We prove Theorem 4.1 in this Appendix. The method of proof we use here relies on a direct
combinatorial enumeration of the number of perfect matchings with a given forcing number or
anti-forcing number. While the arguments may be less general than the recursive decompositions
we used above, the analysis provides a deeper understanding of the structure of perfect matchings.

4.1 A characterization of perfect matchings

Denote the vertices of 6, by {4;, B;, C;, D; | i € Z,} and the edges by {a;, b;,c;i,d;i,e; | i € Zy};
see Figure 9.
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Recall that L, denote the total number of perfect matchings of a hexagonal crown of length
n, which starts with L; = 1, L, = 5, and satisfies the Fibonacci type recurrence L, = L,_; +
Ly 5 —2-1,04 for n > 3. On the other hand, the Lucas numbers ¢, are related to L, by
{, = L, —1—(—1)" and satisfies the recurrence ¢, = £,y + {,—, forn > 3 with £; = 1 and
62 - 3

It is known that (see [9]) the number of perfect matchings on the cyclic ladder graph C,, x P,
equals L,. Let V(C, x P;) = {A};, B} | i € Z,} denote the vertex set and E(C, x P,) =
{A4;B], A} A, |, BB, | i € Z,} denote the edge set.
Lemma 4.3. Forn > 3, | P(6,)| = L.
Proof. Define the mapping t : P(C, x P,) — P(%,) as follows. Given M € P(C, x P,), let

T(M) ={a; | AjA;,, € M fori € Z,} U {b; | A;B; € M fori € Zy,}
U{ci, e; | BiBi,, € M fori € Z,} U{d; | B{B],, ¢ M fori € Z,}.
It is easy to check that (M) is a perfect matching on %, and t is injective. For any given perfect

matching M’ € P(%,), we see that M’ contains either both of ¢; and ¢; or only d; foreachi € Z,.

Replacing each pair of edges {c;,e;} in M’ by B;B] ,, each a; by A;A; |, each b; by A; B;, and

deleting all d;’s, we get a perfect matching M € P(C, x P,) such that t(M) = M’. Thus risa
bijection. This completes the proof. ]

Let M, denote the perfect matching {b;,d; | i € Z,} of €, and H; denote the hexagon with
edge set {a;, b;, ¢;,d;, e;, bi+1}. It is well-known that if C is an M -alternating cycle of a graph G,
then the symmetric difference M @ E(C) is another perfect matching on G. Consider a sequence
S:0<iy<i; <+ <isgy <n—1suchthati; € Z, and ij; —i; # 1 for j € Z (the order
“<” is induced by their natural ordering as integers, iy = iog = ip + n and ip — is—; # 1). Then

MS = MO@I{I'()@IJI'I ®"'@}Iis_1

is a perfect matching on %,. Note that if S is empty then Mg = My, and if S # S’, then
Ms # Mg . For such a sequence S, if each i; corresponds to an edge i;(i; + 1) in the cycle
(0,1,...,n—1), then S corresponds to a matching on the cycle and this is a bijection. Since the
number of matchings in n-cycle is the Lucas number ¢,,, we have

S |S:0<ig<iy<-<iyy <n—1Llijp—i;# 1forj€Zg}| =L
Moreover, we can determine all the perfect matchings of %,; see Figure 10 for an illustration.
Lemma 4.4. Ifn is odd, then
P(6,) ={Ms |S:0<ip<iy <+ <igy <n—1,1ij4 —ij #1forj € Zs}.
If n is even, then
P(@)={Ms|S:0<ip<iy<:--<isgy <n—1,ij41—ij# 1forjeZsy U{M;, M},

— : — n — ; —
where My = {az;, daji, Caiv1,€2i41 | 0 = 0,1,...,5 =1}, My = {azit1,dziv1, 021,020 | | =
0.1,....%—1}.
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Figure 10: €4 The perfect matchings are drawn with bold lines.

Proof. From the above discussions, we see that

{Ms | S:0<io<iy<-<iyy <n—1,ij4 —i; #1forj € Z}|
=[S |S:0<io<iy <+ <iymy <n—1]ijp—i; # 1forj € Z}|
:én-

Since |{a;,d;} N Mg| = 1 fori € Z,, M, and M, are both different from Mg for any S, and the
proof follows from Lemma 4.3. ]

4.2 Forcing polynomials

We prove (12) in this subsection by computing the quantity fz, which equals the number of perfect
matchings on %, with forcing number k.

By Lemma 2.2 f(G, M), the forcing number of M is at least the maximum number of disjoint
M -alternating cycles of G, and if G is a planar bipartite graph, then f(G, M) equals the maximum
number of disjoint M -alternating cycles of G; see [14].

When 7 is even, for the perfect matchings M; and M, on %, (defined in Lemma 4.4), it is
straightforward to verify that {ao, do} and {a,,d,} are forcing set of M; and M,, respectively.
Since (ag,ay,...,ay—1) and (co, dy, €9, 1, d1, ..., ey—1) are disjoint and M- and M,-alternating
cycles, by Lemma 2.2, we have

S (G, My) = [(Cn, Ma) = 2.
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To compute fi, we count the quantities fx s, which represent the number of perfect matchings
Mg on 6, such that the sequence S has s entries and f(%,, Ms) = k. With these quantities, we
then sum over all s and obtain fx

Z fk,S’ lfk#z,

o<s<[ 4]

o fes+H (D1, itk =2,

0<s<] 4]

Jie = (16)

For the empty sequence S, Mg = M. Since Hy, H>, ..., H, 1] are disjoint My-alternating

cycles of 6,, by Lemma 2.2, we have f(%,, My) > L%J . If n is even, it is straightforward to verify
that {bo, b5, ...,b,—»} is a forcing set of My. In this case, f(%,, My) = % If n is odd, then
{bo,bs,...,by—1} is a forcing set of M,. Suppose there exists a forcing set .# of M, with less
than % edges, then there exists an integer v € Z,, such that H, N .¥ = @, a contradiction to

Lemma 2.2. Thus f(%,, My) = % and it follows that, for an arbitrary n > 3,

S Mo) = [2].

Let now S be a nonempty sequence. Since H;,, H;,, ..., H,

i,_, are disjoint M g-alternating cycles,
by Lemma 2.2, we have

0’

f (6, Ms) > s.
Let QS = {lj | ij €S, ij+1 —ij =1 (IIlOd 2)}

Lemma 4.5. For s > 0, let S be a sequence 0 < iy < i} < -+ < Is—; < n — 1 such that
ij11—ij # 1 for j € Zs. Then [(€,. Mg) = 3(n —|Qs)).

Proof. Assume thatnisevenand S = (0,2,...,n —2). Let ¥ := {ap,es,¢e4,...,€,—2}. We see
that .7 is a forcing set of Ms. Thus f(¢,, Ms) < 5. Moreover, the hexagons Hy, Hs, ..., Hy—»
are disjoint and Mg-alternating by Lemma 2.2, and the forcing number of M is at least 7. Ac-
cordingly, f(€,, Ms) = 5. The proof for the other case when n is evenand S = (1,3,...,n—1)
is similar.

For the remaining cases, let

I = U {ei;} U {ei; . di;v2.Di;44.Dijv6. ... bi; 2}
j1-1j=2 Ij 41172
ij4+1—1j=0 (mod 2)
U {eij’bij+3abij+5’~"9bij+1—2}'

ijy1—ij=1 (mod 2)

We have |.Z| = %(n — |Rs|), and we prove that .# is a forcing set of Mg. As shown in Figure 11,
for each pair of edges (x;,y;) € {(xi,»;) | x,y € {b,d,e},x; € S,y € S, j—i =2o0r3
(mod n)}, any edge of H;, H;4, ..., H; is forced to be in or not in Mg by x; and y; except for
the edges a;,a;41, ..., a; (the case marked (1) in Figure 11). Since there exists at least one pair of
edges (xx, y7) in . that is not of case (1) (otherwise, Mg = M; or M,), we can determine first
Aj,dk+1,--.,a;,and then a;, a; 11, ..., a; of case (1) step by step. Therefore, .# is a forcing set of
Mg, and
(G Ms) < 1 - |Qs)).
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B, G, D
ei; ‘ €i;+1
Aij Aij+1
1)
B, G, D
] €i; €i;+1
Aij Aij-i-l
2)
B, G, D
€ij di; +2
Aij Aij+1 )
3)
Bij C,']. D,'].
€i;
bij+3
Aij Aij-i-l )
Ci.+2 (4) Ci~+2
Biit2 ' Di 42 Biit2 7 Di 42
di; +2 di; +2 €ij4
bij+4
Aij+2 Ai;+3 A;j+4 Aij+2 Ai;+3 Aij+1
Cij+2k (5) Cij+1—2 (6)
Bi; 1ok Di; 42k Bi, -2 Dij -
Cij
bij+2k bij+2k+2 bij+1—2
Aij+2k Aij+2k+1 Aij+1—2 Aij+1—l Ai]'+1
(7) ®)

Figure 11: The edges drawn by bold lines are forced in Mg by the edges labeled in the graphs.
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Moreover, the hexagons { H; | |{a;, b;, ¢;, d;,e;} N 7| = 1} are disjoint M g-alternating cycles.
Thus, by Lemma 2.2,

S (G, Ms) > |[{H; | ai, bi, cidi, ey N I| = 13| = 5(n — Q).

See Figure 12 for an illustration. This completes the proof. ]

Figure 12: (1) S = (092)9 I = {aanZ}’ f((g4, MS) = 29 f]/ = {al,do, d2}7 g((g47MS) = 3.
(2) S = €0,d2,b4,€6}, f(cgg,Ms) = 4; f/ = {d0,62,63,64,d6}, g(%g, Ms) = 5.

0,6), 7 ={
(3). 5 = (0’ 7), I = {30753,55,87}, f(ch’MS) =4, 7 = {d0,02,03,04,65,d7}, g(%%MS) =
6.

From the above discussions, we see that 1 < f(%,, Ms) < [%] for any perfect matching M
on %,. Hence, the forcing polynomial can be decomposed as

[@Gn =Y fu.

1<k<[4]
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Recall that fj is the number of perfect matchings on %, with forcing number k and f s is the
number of perfect matchings Mg of 6, such that the sequence S has s entries and f(%,, Ms) = k.
Then k = f(%6,, Ms) > s. Moreover, by Lemma 4.5, s > |Qg| = n — 2k for s # 0. Then we
obtain the decomposition (16). We now compute f s.

Lemma 4.6. If s # 0, then fis = ¢,y o5k nis)s IS = 0, then fio = Ly_rn7.

Proof. The method of proof is similar to that used by Moser and Abramson in [13]. For each S:
0<ip<iy <-<isg <n—1withij;y —i; # 1for j € Zs such that k = %(n— 1R2s]),
Mg corresponds to an arrangement of s 1’s and n — s 0’s in a circle with one of the n entries
marked by an asterisk, which we denote by ¢y, and which is followed by ¢4, €3, ..., €,—; (reading
off clockwise), where
)L it =doy iy, B,
= 0, otherwise.

The s 1’s determine s cells.
Now we count such arrangements. Let u = %(n — 25 —|Qg]|). We construct the arrangements
by the following steps.

e Place s 1’s in a circle, forming s cells. Color one cell so that the cells are distinguishable;

u+s—1

e Distribute u groups of two 0’s each into the s cells in ( —1 ) ways;

e Choose |25/ cells, and put one 0 into each in (,; ) ways;
e Put one 0 into each cell;

e Mark one term, there are n choices.

There are in total n(”jf 1_1)(|QSS|) circular-asterisked-colored arrangements. If we remove the

color, then these arrangements fall into sets of s each that are identical by rotation. Then

y _nfu+s—1 S _n k
ks =50 51 1Qs|)  k\n—2k,s+2k—nk—s)

Ifs =0,thenk = f(€,, Mo) = [2]. |

Proof of Theorem 4.1, forcing polynomials (12). Assume that n is odd. Then fngrl s = 0for
s # 0. Also, by Lemma 4.6,

S@Gnty= > fith= > 1 > fis

1<k< 4L I<k<™L n—2k<s<k
n+1 k! k 1
i Y ek ¥ ,
_ | —n)! —9¢)!
| <ckanzt k(n —2k)! e (s + 2k —n)l(k —s)!
which leads to (12). The proof for the case when 7 is even is similar. [ |
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From the closed-form (12), it is easy to derive the rational form (10) for the bivariate generating
function f1¢l(z, ) by using the following relations. First,

fen =33 () !
Z,t):= ) z =log————.
0l 3k—n) k S 120 +2)
n=0 k>1
Then . ,
ko\2%n ) 3—2iz
L k= f)=——"- 3
an Z:(316—11) k oz folz. 1) 1 —2tz2 —tz3

n=>0 k>1

and (10) follows from subtracting the first few terms.

4.3 Anti-forcing polynomials

We prove the exact form (13) for anti-forcing polynomials by an argument similar to that used for
proving (12).
Define QZS' = {l] | ij € S,ij+1 —ij ¢ {1,2}}

Lemma 4.7. If s = 0, then g(6,, My) = n; if s = 1, then g(6,, Ms) = n —2; ifn = 2s, then
g(6n. Ms) = 5 + 1; for other values of n,

g(Cn. Ms) =n—s—|Q%]. (17)

Proof. 1f s = 0, then {cy, ¢y, ..., cy—1} is an anti-forcing set of My. Also {Hy, Hy,..., H,—1}isa
compatible Mj-alternating set of 6. Thus, by Corollary 2.5, g(¢,, My) = n.

Ifs =1,sayS = (i),i € Zy,then{d;, ¢i+2,Ci+3 ..., Citn—2} is an anti-forcing set of Mg, and
{H;, Hi+>, Hi 13, ..., Hi1,—>} is a compatible M g-alternating set of %,. Again, by Corollary 2.5,
g(Cn, Ms) =n—2.

Assume now s > 1. Consider first the case when 7 is even and S = (0,2,4,...,n — 2).
Let ' = {ai, do, da, ..., dy—}. Then .’ is an anti-forcing set of S and | /'] = 7 + 1.
Since {(ag,ay,...,an—1), Hy, Hy,..., H,_»} is a compatible M g-alternating set of %, (whose

cardinality is % + 1), we have g(6,, Ms) = % + 1 by Corollary 2.5. Thecase S = (1,3,...,n—1)
18 similar.
For other cases, let

I = U {di; } U {di;, cij42, Cijg30 oo Cijyy—2 )

lj+1—ij=2 lj+1—ij7#2

Then || =n—s— }Q/S ‘ Analogous to the proof of Lemma 4.5, we see that .#’ is an anti-forcing
set of Mg. On the other hand, the set of hexagons {H; | ¢; or d; € .#'} is a compatible M-
alternating set. Thus (17) follows from Corollary 2.5. See Figure 12 for illustrative examples. W

Similarly, for the perfect matchings M; and M, it is straightforward to verify that {a;, d;} and
{ao, dy} are anti-forcing sets of M and M,, respectively. Since the cycles (ag,ay, . ..,a,—1) and
(co,do, €9, c1,dy,...,e,—1) form a compatible M- and M,-alternating set, we have g(%,, M) =
g(6,, M) = 2 from Corollary 2.5.

26



Let now
gGn)= Y gt
1<k<n
where the coefficient g, represents the number of perfect matchings on ), with anti-forcing number
k. Let gy be the number of perfect matchings M of %, such that the sequence S has s entries
and g(%,,, Mg) = k. Then

> Crso ifk #2,
0<s<[ 4]

Bk Y g, (D)1, ik =2.
o<s<| 5]

Lemma 4.8. The quantities g, ; satisfy g, o = Lx=n, & 1 =1 Lk=n—2,

g :E ) n—2s—1 (2<s<ﬂ)
ks = s\n—s—k)\n—s—k—-1) = 2/

and g, . = 2- 1k=g+1 when n = 2s.

Sketch of proof. The proofs for the cases s = 0, s = 1 and n = 2s are immediate from Lemma 4.7.
The method of proof for the remaining cases follows from the same idea used in Lemma 4.6, details
being omitted here. u

Proof of Theorem 4.1, anti-forcing polynomials (13). By Lemma 4.8, if # is even, then

@)=Y gib=22+4+ > 1* Y g,

1<k<n 1<k<n 0<s<ﬂ

—2s5—1
_2t 2124-1 t n :
P YA Y (n_s_ )( 2 )

1<k<n 1<s<2 1

The proof for the odd case is similar. This proves (13). ]
Unlike £I€l(z, ), the passage from the closed-form expression (13) to (11) is less straightfor-
ward, so we sketch the major steps as follows. Consider first the sum

() () (B s e )

k>0  s>1 s>1

= n[zn](l + Zz)n_l log m - 2t%]lniseven

(1+12)?

Let A(z) := log Then

t22(1+z)
(1412)2

n[z"](1 +t2)" 'A(z) = [2"1(1 + 12)"A(2).
By Lagrange inversion formula (see [6]), if Y(z) = zW(Y'(2)), then
n[z"A(Y(2)) = [2" ¥ (2)A'(2).
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Sowelet W(z) =1+ tz,then Y(z) = and

et
0
[2"711(1 +12)"A'(2) = n[z"]A (Y(2)) = [l A (Y (2))

3 -2tz —1tz?
= ["] -
l—tz—tz2—t(1—1)z3

from which we deduce (11).
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