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CONTENTS

All academic: evolution of ideas, dvpmt of techniques

o Notes/Summaries for talks, lectures, courses, ...
o Drafts for papers, book chapters, preprints, ...
o Work summary

o Maple calculations (symbolic, numerical, figures,
tables, expansions)

o Email/letter correspondences
o Miscellaneous

Three categories

o Finished, well-explored techniques/topics

@ Unfinished
o We-don’t-know-yet @
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> bemoulii(# Finds the eigenfunction of usgmsd for G-uniform
fi=proc(d) option remember; local p,.a;
P=XdsSum(al]'x",=0.d-1)

{s8q(co8fi(" x,)=0,=0..d-1)};
solve(" (;‘9‘1(! =0..d-1)});
p);

P))i

(bemoulll(] x)..=o 10);
seq(f(j).i=0.

£

proc(d)
ocal p,i,a;
options remember;
P i= x~dssum(afi]*x"i,i = 0 .. d-1);
expand (p-2°(d-1) * (subs (x = 1/2+x,p) +subs (x =
(seq(coeff(*,x,1) = 0,i = 0
solve(®, (seq(ali],i = 0 ..
subs (*,p!

1/2%x+1/2,))

end
> seq(f(().j=0..10);

11 1
La-ggt@-norer

U B
” zru o 1.-A-x.fe.5”.pz«.
3

L0k, 810, 14 42,
m*s'é 3.«4} Hrat-40,

2 9
x128- 6020
g o

52 is
24 ST a0. 50
FE ST 5

> seq(bemoull(jx) j=0.. w);
11 1
et x+rr—:‘.-—¢r‘¢x‘ 20, -gxed fn.-m

3
SRl s e

£
66
> bemouli(11,x);

Us yelipiing de Becroutls nek olae B |

b Gdisin proprea diesCoperalive
L F 6= [m)#(&‘)]
> bemouln(» Finds the eigenfunction of degvse dfor G-uniform
)u ion remember; local p,i.a;
p: im(ali]*x",i=0..d-1
axpana(pzmm (subs(
o e
solve(",{seq ..d-1)}):
subs

/2,p)+subs (x=(x+1)/2,p)));

seq(bemoulijx),j=0.10);
seq(f()§=0.-10);

> bemoulli(11,x);
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@ Stirling #s of the 2nd kind

®© ©6 6 6 6 6 6 o6 o o

Symbolic method in
analysis of tree algorithms

Remarks on partitions
Trie statistics

g-Laguerre polynomials
Simon-Newcomb problem
Lexicographic tree height
Search tree height
Approximate counting
Complexity calculus
Markov chains

Exp-variate generation

Talk by Guy Fayolle

Extension of approximate
counting

Asymptotics/Mellin

@ Distribution of path areas

@ Pippenger’s

communication protocols

Combinatorial sums
asymptotics

DST asymptotics
Grid file algorithms
Functional graphs

Differential equations &
linear systems
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1982/6/6: after visit to Bell Labs, initiated random

mapping statistics with Odlyzko
RANDOM MAPPING STATISTICS

Philippe Flajolet Andrew M. Odlyzko
INRIA Rocquencourt AT&T Bell Laboratories
F-78150 Le Chesnay (France) Murray Hill, NJ 07974 (USA)

Abstract. Random mappings from a finite set into itself are either a heuristic or an exact
model for a variety of applications in random number generation, computational number theory,
cryptography, and the analysis of algorithms at large. This paper introduces a general framework
in which the analysis of about twenty characteristic parameters of random mappings is carried
out: These parameters are studied systematically through the use of generating functions and
singularity analysis. In particular, an open problem of Knuth is solved, namely that of finding
the expected diameter of a random mapping. The same approach is applicable to a larger
class of discrete combinatorial models and possibilities of automated analysis using symbolic
manipulation systems (“computer algebra”) are also briefly discussed.

Initiated in 1982 — Published in 1990
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Flajolet, Knuth & Pittel (1989)
The first cycles in an evolving graph

4

Backhouse’s constant I

Gray code function I
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FIRST CYCLE IN EVOLVING GRAPHS
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FIRST CYCLE IN EVOLVING GRAPHS
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FIRST CYCLE IN EVOLVING GRAPHS
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FIRST CYCLE IN EVOLVING GRAPHS
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FIRST CYCLE IN EVOLVING GRAPHS
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BACKHOUSE'S CONSTANT

A030018 Coefficients in 1/(1+P(x)), where P(x) is the generating 8
function of the primes.
R d' .I: f i, -2, 1, -1, 2, -3, 7, -10, 13, -21, 26, -33, 53, -80,
aalus orcv o 127, -193, 254, -355, 527, -764, 1149, -1699, 2436,
-3563, 5133, -7352, 10819, -15863, 23162, -33887,
1 48969, -70936, 103571, -150715, 219844, -320973,
466641, -679232, 988627, -1437185, 2094446, -3052743 (list;
araph; refs; listen; history; text; internal format)
1 + zk OFFSET 0,2
k>1 pk COMMENTS 3 (n+1)/a(n) => ~-1.4560749485826896714. - Zak

Seidov, Oct 01 2011.

Backhouse's constant

From Wikipedia, the free encyclopedia

Backhouse's cons’tan’tnls a moth.emahcol constant founded Binary O TR TG T e U=
by N. Backhouse and is approximately 1.456 074 948. Decimal  1.45607494858268967139959535111654-
Itis defined by using the power series such that the Hexadecimal 1.74C153ECB002353812A0E47 6D3ADD: -+
coefficients of successive terms are the prime numbers: Continued !
o fraction 2 1
P(x):IJerkxk:1+21+317+513+7x‘+--- + 1
k=1 54—
and where BF—
4+
Q) = 1 _ i - Note that this continued fraction is not periodic.
Pla) o
Then:
Jim q;—“ = 1.45607.. . (sequence A072508 in OEIS).
e+ | g

The limit was conjectured to exist by Backhouse which was later proved by P. Flajolet.




BACKHOUSE’'S CONSTANT

Backhouse’s Constant

Let P(x) be the formal power series whose nth term has coefficient equal to the nth prime number:

%
P et mle2xe 384550 o7t e 1 r 13
0

Let Q(x) be the formal power series defined by
B(® Q=1

‘Thus Q(x) s the formal reciprocal of P(x) as a power series. Observe that this is pure formal
algebra: no questions of analytical convergence are involved atall.
E"I NRIA s Q(x) is an altemnating series ients @, are i ncreasing in magnitude. Nigel

| has obs d i i tend to a certain constant, i.e., it

P. P aJ' ek B || o1 45607494850268967139959535111654356
. s

In a personal communication, Backhouse wrote:

e spproxination given was genstated in 37 seconds using Maple V
(release 3) in batch mode on a Silicon Graphics Irix ¢
aken to 550 terms and Q(x) produced as the Taylor series of b(x)(-1).

Unfortunately, I have no efersnces to this result or anything

n particular I have no evidence as to th ali

R
R s oy ¢

I should, of course, be very interested to hear, if, ult
e e R 2 o er)

‘The 35-place decimal approximation above also appears at the CECM Inverse Symbolic Calculator
web site. I am grateful to Simon Plouffe for pointing out to me the existence of this constant and to
Nigel Backhouse for providing the information on which this essay is based.

Relevant Mathcad files will be included as time permits.

-
*R:mm to the Favorite Mathematical Constants page .

Retum (0 the Unsolved Mathematics Problems page .
Return to the MathSoft home page .

This page was updated November 21, 1995




BACKHOUSE CONSTANT

4 1995 1

backhouse. txt t Nov 25 16:3!

ON THE EXISTENCE AND THE COMPUTATION OF
‘BACKHOUSE’S CONSTANT

Philippe Flajolet, Algorithms Project, INRIA
November 25,

<Philippe.Flajolet@inria.fr>
1. THE PROBLEM

et p(n) be the n-th prime, with p(1)=2, and define
ininity

PGz) =1+ P 2z

n=1
Nigel Backhouse examines the coefficients q(n) in the series Q(z)=i/P(z):
ine:

Q@) = === =
(2

He notices empirically that the q(n) alternate in sign and that the
sive values tends a constant equal (up to sign) o

1045607, - and called now Yisackhouse’s constant!’. See
description in Steven Finch’s page
<ntep:// h X heml>.

11. ANALYSIS

Hore s unat g the Prime Nurber Theorem, we have p(n)-nlog(n),

la oy mats o o< (n1 "2 for all n. Thus, ®(z) is an analyti
Zumction in Iz1<1. Accordingly, Q( mezomorphic in Izl
and has only Einitely many poles in any subdisk |z|<=l-eps
of the unit disk. Since P(0)=1, Q(z) is amalytic at 0. Thus,
by Cauchy’s coefficient formala,

|

| az

am =
2ipt | @m+D

wheze the integration contour is a sutficiently snall cizcle around 0.
e irve that P(z) has a unigue zero at 30=-0.686 inside the disk
e oodfus 0.75. Thus, integrating along |z1=0.75 and taking into
account the residve of Q(z) at z=s0 gives us

1l )

=
a0 +0(.75 )

am) =

0 ©7 (s0)
ouse’s constant. This formila is quit

58 1202178071 45607 is Backn
1/0.75=1.33, hence exponentially amalier

= R
erm.

B farther by fishing for the mext poles. In this
x and Better asymptotic expansions of the type
a0l ¢ omy a1l +ci2] s(2) * etc
e o poles vere to be encountered),
- i-th zero of P(2).
3 botes apart from 30

backhouse. txt. Sat Nov 25 16:39:04 1995 2

nor multiple poles, but I have nal
Observation, Complex
correction terms fluctua

exhaustively the few d

Finally, there is a genera

a nonzational function with &
vergence 1 adm

cipated, (z) and Q(z)

III. A GENERAL REMARK

smmn,ﬂ.,,,,
2 le

s

A composition of ai

Fermat-Back

Advert isement a1
Bmassting Fenctions! ", T
m <eh

Here is in connection with

hEtp://www. cecm. sfu. ca/proje
the value of Backnouse's conaten
(determined in 4 minutes of CPU time with
e Bc Atpha 3000 stacion.)

4% 4ssnumsszssmmasusmvmuny 53
1950309109525
31e401312125142920351770125 S1740856952749585




backhouse-EX

# gives 678
+ gives 1

BACKHOUSE CONSTANT

sat Nov 25 16:39:04 1995 5
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GRAY CODE FUNCTION

1(1)!'1
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GRAY CODE FUNCTION: g, & gn—1 — gn

VY



GRAY CODE FUNCTION

n = 43 is the first exception that a,/(—2)" > 0

02




GRAY CODE FUNCTION
ap = Z (Z)(—U"_kg(k)

0<k<n ™

a _ __ ] / o v=2/(2n) )3
(=2)" 2V27n J-

3<k<Lp+2

sin (3vr)
cos (%¢)

remains open

Asymptotics of (L

2)"v/n




OPEN PROBLEMS
IN PF°'S OEUVRES




INTRACTABLE

[PF44] (P762) & [PF98] (P217): ... ce qui donne lieu a la
plus célebre conjecture de l'informatique

P £ NP

[PF197]: | > (Z)% - o(n%+8)

2<k<n

= Riemann Hypothesis

RH is also connected to al-
gorithm complexity (with Vallée
& Clement): [PF144] [PF157]

[PF161] | @




SOLVED

o [PF51] [PF69] [PF72] [PF108]: Height & diameter
of BSTs (Devroye, Reed, Drmota, ...)

o [PF122]: height of quadtirees (Devroye)

o [PF112] [PF152]: Quicksort limit law (Fill, Janson,
Devroye, Neininger, ...)

o [PF147] Max deg in planar triangulations (Gao,
Wormald)

o [PF200] (1 — 1)~ realizable by stochastic
context-free grammar? (Banderier, Drmota)

%




SOLVED?

[PF114] [PF132] [PF144] (with Vallée)

Spectrum of the Euclid transfer operator

Beginning around 1994,
Underlying a series of papers
Stating a set of conjectures
seemingly proven in 2013 by Alkauskas

1 1
Gs[fl(x) == > o X)ZSf (m — X)

m>1

Philippe was interested in computing the spectrum
e for s = 1: Euclid algorithm v
e for s = 2: Gauss reduction algorithm @




CONJECTURES ON THE SPECTRUM OF Gg

For the Gauss-Kusmin-Wirsing operator G := G;
o All eigenvalues |1 ,| are simple & strictly |
o They alternate in sign: (—1)"1, > 0

An

— _¢2 & )\n ~ (_1)n+1¢—2n

Alkauskas announced in 2013 a proof of the conjectures

arXiv 1210.4083: “In this work we prove an asymptotic
formula for the eigenvalues of L. This settles, in a stronger form,
the conjectures of D. Mayer and G. Roepstorff (1988), A. J.
MacLeod (1993), Ph. Flajolet and B. Vallée (1995), ...”

He asked Brigitte if other experiments were
performed. Then with Julien, more computations v
made by Philippe were found ... @




STILL OPEN?

o [PF207]: non-holonomicity of cos v/n,cosh /n

o [PF204]: three-sided prudent polygons,
gs = 1+log,3?

o [PF200]: Buffon machine for Euler’s y?

o [PF191]: hidden word statistics, convergence rate
to normality?

o [pF185]: Graeffe polynomials computable at a
lower cost?

o [PF174]: motif statistics under more general
models?

o [PF172]: robustness of interconnection in random
graphs, finer properties like variance? @




STILL OPEN?

o [PF161]: trie statistics under general dynamic
sources

o [PF157]: continued fractions & comparison
algorithms, many questions

o [PF144]: continued fraction algorithms, uniformity
of quasi-power for MGF?

o [PF69]: linear worst-case time for tree-matching
algorithms?

o [PF64]: ambiguity of context free languages,
many questions

> [PF54]: collision resolution algorithms in random
access systems, limit of stability? @







WHAT TO DO WITH THE CAHIERS?

Cahiers | ™ Digital Forms I
W  Web Accessible? |

PolyPF
Project?




